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systems. The paper shows analytically that in an OLG model the optimal share of
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suggests that the sensitivity of the optimal share of funding to the concern of relative
standing is also quantitatively important. For reasonable assumptions about reference
standards it is typically around 20%.
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Introduction

The comparison between funded and unfunded pension systems normally starts with the
comparison of expected returns. It is well-known that the implicit rate of return of an
unfunded pay-as-you-go (PAYG) system is equal to the growth rate of the wage sum
which is lower than the real rate of interest as long as the economy is in a dynamically
eﬃcient state (cf. Abel et al., 1989; Feldstein, 1996). Empirically, this is borne out by the
fact that for industrialized countries the average stock market returns typically exceed the
growth rate of wages and of GDP by a considerable margin. Dimson et al. (2002), e.g.,
report for the period of 1900-2000 and for 16 countries an average real return on equity
of 5.1% while the growth rate of real per capita GDP over the same period and for the
same group of countries was only 2 % (Maddison, 2003). Looking at these figures it thus
seems suggestive to conclude that a funded system clearly dominates an unfunded one.
There are, however, three limitations to this apparent advantage of a fully funded
pension system, as summarized by N. Barr: “A straightforward comparison between
rates of return, however, does not compare like with like. A full analysis needs to include
(a) the costs of the transition from PAYG to funding, (b) the comparative risks of the
two systems, and (c) their comparative administrative costs” (Barr, 2000, 26). In this
paper, I want to focus on the second (and arguably most important) issue mentioned by
N. Barr–the comparative risks of funded and unfunded pension systems. In the same
data sources quoted above one finds, e.g., that the average annual standard deviation of
equity returns in the sample of 16 countries is 22.7% while for the growth rate of national
income it amounts to only 5.1% (Dimson et al., 2002; Maddison, 2003).
A number of recent papers discuss how the presence of risk might change the relative
attractiveness of funded and unfunded systems (e.g., Dutta et al., 2000; Matsen and
Thøgersen, 2004; de Menil et al., 2006). There exists, however, a property of PAYG
systems that is not fully taken into account in the existing literature and that might
further diminish the apparent advantage of fully funded systems. In an appropriately
designed defined contribution PAYG system the average pension is closely (and in principle
perfectly) tied to the level of average current wages. If wages grow fast then pension
benefits will increase at the same speed and if they show a disappointing performance
then pensions will also be adjusted in tandem. In other words, the relative pension level
(the ratio of the average pension to the average wage level) is held constant in such a
defined contribution PAYG system. Pensions might be (and in reality will be) lower than
the after-contribution wage of the active population but this relative position itself is
deterministic over time, irrespective of the degree of wage uncertainty. If people are not
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only concerned about absolute consumption but also about their level of consumption
relative to some reference group (that includes active workers) then this property will
strengthen the advantages of an unfunded system where both the future absolute pension
benefit and the future relative position are less uncertain than in a funded system. In fact,
this is an advantage of the PAYG system that is often overlooked in public discussions.
In this paper, I analyze and discuss this argument based on relative consumption preferences in greater detail. First, I develop a simple model in order to present the main logic
of the argument in an intuitive manner. In particular, I work with a two-period OLG
model where individuals’ utility is assumed to depend on a weighted average of absolute
own consumption and the diﬀerence between absolute consumption and the consumption
level of a reference group. The pension system is assumed to collect contributions that
are used for a funded and an unfunded (PAYG) pillar. I compute the optimal total contribution rate to the pension system and the optimal share of funding (i.e. the percentage
of total contributions that should be invested into the funded pillar) that maximize individuals’ (ex-ante) expected utility. The model allows for closed form solutions for the
optimal parameters of the pension system. It comes out that for risk-averse individuals
the optimal degree of funding is lower if asset returns are more volatile and if people are
more concerned about their relative standing. The neglect of risk and of social comparison
motives will thus overstate the case for a funded system.
The importance of relative consumption motives and of the related phenomenon of
habit formation has recently been studied in a variety of economic fields, ranging from
the analysis of savings and consumption behavior (Frank 1985; Carroll, 1998), tax policy
(Boskin and Sheshinski, 1978; Abel, 2005), the relation between inequality and growth
(Knell, 1999) to the equity premium puzzle (Abel, 1990; Campbell and Cochrane, 1999).
This paper is in particular related to the latter field where it was argued that the existence of comparisons (either to a reference group or to own past consumption) might
diminish the return advantage of stocks and thus increase the equilibrium equity premium. The results of the present paper are distinct from this literature, however, in so
far as the “PAYG assets” diﬀer from bonds in the important property that they really
eliminate the uncertainty about the future relative position. Completely risk-free assets
(e.g., government bonds) are characterized by a deterministic absolute future payoﬀ but
they cannot promise a future return that is directly (and proportionally) related to future
wages. If bond markets and labor markets diverge then a pension income that is based
on a pure bond portfolio could turn out to be associated with an unfavorable position
vis-à-vis active workers. The perfect correlation of pension benefits with the income of
active workers is a unique feature of PAYG assets.
3

There exists ample psychological, sociological and economic evidence that the concern
for relative standing is an important human trait (e.g., Frank, 1985; Weiss and Fershtman,
1998; Clark et al., 2008). One area of research that is particularly relevant in this context
concerns the issue of poverty. In public discussions and political resolutions it is often
stressed that the prevention of old age poverty is among the central functions of welldesigned pension systems.1 Poverty, however, is an inherently relative concept and most
research in this area works with some notion of “relative poverty” (e.g. Sen, 1983).
Accordingly, in industrialized countries the poverty line or the minimum subsistence level
is defined as some percentage of median income (mostly between 50% and 60%). The
conceptualization of relative consumption used in this paper allows to clearly capture the
notion of such a poverty threshold in the framework of a formal model.
In the second part of the paper I construct a multi-period version of the model that is
calibrated to real-world data on asset returns and GDP growth rates (as a proxy for the
returns of the PAYG pillar). The estimations use return data that are based on various
time periods (1900-1999, 1950-1999) and countries or country groups and they employ
commonly used values for the curvature of the utility function and the discount factor. In
order to get reasonable values for the strength of the concern for relative standing I use the
above-mentioned literature on poverty lines and results from choice experiments. These
lines of research suggest a plausible range of values for the importance of relative standing
that is used for the estimations. The diﬀerent risk-return-profiles between equity returns
and GDP growth rates imply that even in the absence of social comparison motives it is
optimal that the pension system contains a sizable unfunded pillar. Depending on the
country and the sample period chosen for the simulations the optimal size of the funded
part ranges between 7% (for France) and 91% (for the Anglo-Saxon country group). As
soon as the existence of a concern for relative standing is taken into account these shares
fall, however, to considerably lower levels, as predicted by the theoretical model. For a
moderate concern for relative standing (one that implies a poverty line of 30% of average
income) the optimal share of funding does not exceed 20% for a single country and is
typically even lower than that. The robustness of these results is discussed with respect
to diﬀerent assumptions concerning the degree of relative risk aversion, the home bias, the
1

“The first [function of pension systems] is redistribution of income towards low-income pensioners
and prevention of destitution in old age. The second is helping workers maintain living standards during
retirement by replacing income from work at an adequate level” (OECD, 2005, 16). Similarly, N. Barr
describes the three main objectives of pension programmes as: “poverty relief, consumption smoothing,
and insurance (the last in respect, for example, of the longevity risk)” (Barr, 2000, 39). Also the World
Bank stresses the importance of adequate pensions that prevent old age poverty in their most recent
report (Holzmann and Hinz, 2005).
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correlation between the rates of return, the influence of management fees and population
decline, the composition of the portfolio and the definition of the reference group. In
general terms, the results are robust to changes in these assumptions. The diﬀerent
assumptions about the reference groups are particularly important since there does not
exist a generally accepted notion of their most appropriate form. Besides the benchmark
specification (where the reference level is given by the average, society-wide) consumption
level I also use two alternative assumptions: “old-age comparisons” (where workers do
not have reference groups and only pensioners compare their level of consumption with
the one of the active population) and “age-specific reference groups” (where it is assumed
that the “span of comparisons” only covers generations of a similar age). The results
indicate that the assumptions about reference groups have a non-negligible impact on the
results and both alternative specifications are associated with higher degrees of optimal
funding. For all assumptions one can, however, again observe that the concern for relative
standing considerably lowers the attractiveness of funding.
The paper is structured as follows. In the next section I present a simple model and
derive solutions for the optimal design of the pension system in this framework. Section
3 contains the calibrated version of the model and it estimates the optimal contribution
rate and the optimal share of funding using real-world data. I also briefly compare the
results of this paper to the related literature. Section 4 concludes.

2
2.1

A Simple Model
The set-up of the model

In this section I present a simple model that suﬃces to provide the main intuition for the
later empirical exercise. Individuals are assumed to live for two periods – young and old.
They supply a fixed amount of labor (normalized to 1) in the first period and earn a wage
wt . The contribution rate to the PAYG pension system is given by τ U . Consumption in
the first period can be written as cyt = (1−τ U )wt −st , where st denotes the private savings
of the young. In the second period of their lives individuals do not work anymore and
their consumption cot+1 is given by the benefits of the PAYG pension system and by the
revenues from their investments. The rate of return on these investments in the financial
market is denoted by rt+1 . The pension benefit pUt+1 is determined by the balanced budget
condition of the PAYG pension system: τ U wt+1 Nt+1 = pUt+1 Nt , where Nt is the size of the
generation born in period t. Under the assumption of a constant population the pension
benefit comes out as: pUt+1 = τ U wt+1 . The contributions τ U wt paid by generation t thus
5

have a return (“notional interest rate”) of gt+1 = wwt+1
− 1.2 The consumption in old age
t
cot+1 is then given by:
cot+1 = τ U wt (1 + gt+1 ) + st (1 + rt+1 )
(1)
Instead of assuming that the pension system only runs a PAYG scheme and that only
individuals invest in the financial market one could as well assume that the pension
system takes the investment decisions on behalf of the individuals. In particular, I will
assume that the pension system collects an additional percentage τ Ft of gross wage wt
that exactly corresponds to the individuals’ optimal amount of saving, i.e. st = τ Ft wt .
These contributions are invested into the financial market where they earn the same rate
of return rt+1 that can be achieved by private investments. Furthermore, it is assumed
that the contribution rate to the funded pillar is constant over time (i.e. τ Ft = τ F , ∀t)
which is in parallel to the constancy of the contribution rate to the unfunded pillar. Under
these assumption one can use (1) to write the total pension benefit pt+1 as:
¤
£
pt+1 = cot+1 = wt τ U (1 + gt+1 ) + τ F (1 + rt+1 ) = τ wt [(1 − λ)(1 + gt+1 ) + λ(1 + rt+1 )] ,
(2)
F
U
F
where τ ≡ τ + τ denotes the total contribution rate to the pension system and λ ≡ ττ
stands for the share of the total contribution rate that is devoted to the funded pillar (i.e.
to investments into the financial market). This is the specification of the problem that will
be used in the following. In particular, I will take the viewpoint of a social planner who
has to decide on the optimal values of τ and λ, while the individuals just consume what
is determined by the pension system. This formulation is, however, completely equivalent
to the situation where the social planner only decides about the optimal contribution
rate τ U to the PAYG system while taking individuals’ optimal savings decisions into
consideration.
In contrast to other papers in the literature, I allow for the possibility that individuals
care not only about absolute consumption but also about the level of their own consumption relative to the one of a reference group. In particular, it is assumed that the utility
2
In related papers dealing with questions of intergenerational risk-sharing, the authors often distinguish
between various kinds of defined benefit and defined contribution specifications (cf. Thogersen, 1998;
Bohn, 2001; Wagener, 2003). This distinction, however, only matters if there are demographic fluctuations
(changes in cohort size and/or life expectancy) or if pension benefits are defined in absolute terms and
not in terms of replacement rates. These issues are not the focus of the current paper. Furthermore, the
assumed determination of pension benefits according to a defined contribution scheme is fairly similar to
the actual practices in countries like Sweden, Germany and Austria.
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function for the representative individual of generation t is given by3 :
Ut =

¢1−α
1
δ ¡ o
(cyt − θdyt )1−α +
ct+1 − θdot+1
1−α
1−α

(3)

Here dyt (dot+1 ) denotes the consumption of generation t’s reference group when they are
young (old). The parameter θ ≥ 0 measures the importance of the concern for relative
standing, δ stands for the time discount factor and α measures the curvature of the
utility function. For θ = 0 equation (3) reduces to the usual CRRA function.4 It is
assumed throughout the paper that the parameter values of the crucial variables are
always determined in a way such that cyt ≥ θdyt and cot+1 ≥ θdot+1 . If these conditions were
not fulfilled then the utility function would not be well defined.5
There exists a long literature on the question what constitutes the most appropriate
specification of people’s reference groups. A standard assumption in this context is that
it consists of the average consumption level in a society and I will employ this assumption
for the later empirical estimations. For the example in this section I will, however, use the
simplifying assumption that comparisons are only relevant in old age and that therefore
young individuals do not have a reference group while pensioners compare themselves
solely to the active population. Expressed in the language of the model this assumption
thus implies that dyt = 0 and dot+1 = cyt+1 = (1 − τ )wt+1 . This assumption is not very
realistic but it allows for closed form solutions and is therefore useful to develop some
intuition.6
¡
¢
For α = 1 the utility function becomes Ut = ln (cyt − θdyt ) + δ ln cot+1 − θdot+1 .
00
1−α
(c)
4
The coeﬃcient of relative risk aversion RRA ≡ UU 0 (c)
c for a utility function of the form U = (c−θd)
1−α
αc
is given by RRA = c−θd
, Thus only for θ = 0 it is equal to α, while for θ > 0 it is decreasing in c and
increasing in θ (cf. Meyer and Meyer, 2005).
5
There exist some controversies about the appropriate functional form to model the relative standing
motive. In equation (3) I use an “additive approach” where individuals are assumed to look at the
diﬀerence between their own level of consumption c and the reference standard θd. This specification is,
e.g., employed by Ljungvist and Uhlig (2000) and Knell (1999). Other authors (e.g. Gali, 1994; Abel,
2005) have chosen a “ratio approach” where the comparison motive is modelled as dcθ . The choice between
the two approaches is not innocuous and the use of a specification in terms of ratios might overturn some
of the results that are derived in the framework of the additive model. It is ultimately an empirical
question which approach better captures people’s concern for relative standing. There exists a handful
of studies (Clark and Oswald, 1998; Johansson-Stenman et al., 2002) that compare the two approaches
although so far with rather inconclusive results. I stick to the additive approach since I regard it as a
more accurate reflection of individual attitudes towards social comparisons.
6
One could motivate this specification by assuming that people make upward comparisons, i.e. that
people have a stronger tendency to compare themselves to individuals that are better oﬀ (cf. Duesenberry,
1949, 101) and that total pension benefits are lower than post-contribution wages (i.e. pt ≤ (1 − τ )wt ).
Alternatively, one could also interpret this assumptions as an indication of habit formation. This follows
from the fact that (1 − τ )wt+1 is not only the consumption of the active population in period t + 1 but
3
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Finally, it is assumed at the moment that wages are constant and deterministic (gt =
0,∀t) and that the rate of asset return can only take on two values: high and low. In
particular, rt has an equal probability to take on the values rH = µr + εr and rL = µr − εr ,
respectively. It holds that E(rt ) = µr and σ 2r = ε2r . It is assumed that rL < 0, i.e. that the
bad asset market outcome is worse than the constant wage growth. Without this condition
the asset market would always dominate the PAYG system under the assumption of a
two-point distribution. In this simple model the volatile interest rate is thus the only
source of uncertainty. In the empirical section the assumption of constant wages will of
course be lifted.

2.2

The optimal design of the pension system

In order to analyze the relative attractiveness of funded and unfunded pensions systems
I compute the optimal size of the pension system τ ∗ and the optimal share of the funded
pillar λ∗ that maximize expected utility.
Inserting the assumptions about the reference groups and asset returns into the utility
function (3) one can derive an explicit expression for expected utility:
w1−α
E[Ut ] = − t
α−1

(

δ
(1 − τ )1−α +
2

"

[τ (1 + λrH ) − θ(1 − τ )]1−α +
[τ (1 + λrL ) − θ(1 − τ )]1−α

#)

(4)

It is assumed that 0 ≤ λ∗ ≤ 1, i.e. that short sales of the financial asset are excluded.
The optimal contribution rate and the optimal share of funding can now be calculated
from the first-order conditions. The results are summarized in the following proposition
for the case of log utility (α = 1). The results for the general case with α 6= 1 and the
proofs an be found in the appendix.
Proposition 1 Under the assumptions that only old people make comparisons, wages are
constant, asset returns are described by a two-point distribution and the utility function
is logarithmic (α = 1) the optimal contribution rate τ ∗ and the optimal share of funding
λ∗ are given by:
δ+θ(1+δ)
(i) τ ∗ = (1+θ)(1+δ)
and
µr
δ(1+θ)
≥ 0.
δ+θ(1+δ) ε2r −µ2r
∗
∂τ
≥ 0, ∂∂δλ̂ ≥ 0, ∂∂θλ̂ ≤
∂θ

(ii) λ∗ = min[1, λ̂], where λ̂ =
(iii) It holds that:

∂τ ∗
∂δ

≥ 0,

0,

∂ λ̂
∂µr

≥ 0 and

∂ λ̂
∂εr

≤ 0.

also equals own past consumption (for g = 0). The reference standard dot+1 = (1 − τ )wt+1 = (1 − τ )wt
could thus also be viewed as a habit stock. For positive wage growth, however, this is no longer true and
I thus prefer the interpretation as a social reference standard.
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Proposition 1 contains a number of interesting results. Starting with the optimal
contribution rate, the proposition indicates that τ ∗ increases in both δ and θ. If people
care more about the future period (high δ) and/or if they are more concerned about their
relative standing during retirement (high θ) then the social planner will secure a higher
and more stable income in old age and implement a higher contribution rate τ . In the
δ
absence of social comparisons this optimal contribution rate is simply given by τ ∗ = 1+δ
.
For the discussion of the optimal share of funding I will concentrate on the case where
∗
λ < 1 (i.e., where the short sales constraint is not binding). First, one can observe that
a higher return on equity ceteris paribus increases the advantage of the funded pillar, i.e.
∂ λ̂
≥ 0. In particular, if one assumes that the worst asset return rL is the same as the
∂µ
r

return of the PAYG system (i.e. rL = g = 0 or µr = εr ) then lim λ̂ = ∞ and the pension
εr →µr

system only uses the funded pillar. On the other hand, however, the attractiveness of
∂ λ̂
≤ 0). The return
the funded pillar decreases with the riskiness of asset returns ( ∂ε
r
advantage of the funded system (µr > 0) is thus increasingly counteracted by higher
return uncertainty. For suﬃciently high levels of asset return uncertainty the pension
system will in fact use exclusively the unfunded pillar, i.e. lim λ̂ = 0. Furthermore, the
εr →∞

proposition indicates that a higher concern for relative standing is also associated with
a lower optimal share of funding ( ∂∂θλ̂ ≤ 0). The same asset return uncertainty is more
cumbersome if individuals care a lot about the level of consumption of their reference
group.
The intuition behind this result is straightforward. Risk-averse individuals dislike
situations with uncertain payoﬀs since the disutility of a bad state outweighs the additional
utility of an equally sized favorable outcome. If people are concerned about their relative
standing then they fear that a bad shock might drive them near to the reference standard
θdot+1 , which can be interpreted as the socially defined subsistence level (or the poverty
line). The more they approach this subsistence level the larger the disutility will get.
A higher concern for relative standing (measured by θ) therefore means that the dislike
for fluctuating outcomes will become stronger and that the optimal share of funding will
decrease. Individuals will increasingly prefer the unfunded pillar that promises lower but
at the same time less uncertain returns.7 Put diﬀerently, an increase in θ has the same
qualitative eﬀect as an increase in α since both changes will increase the degree of relative
αc
risk aversion which for the functional form used in (3) is given by RRA = c−θd
(see FN
4). Due to this non-linear relation, however, the quantitative impact of increases in α and
Note that the social planner will always choose a λ∗ that guarantees that even in the worst case
scenario with rt+1 = rL the consumption in old age is strictly above the minimum consumption level, i.e.
that it holds that cot+1 ≥ θdot+1 = θcyt+1 (see appendix).
7
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in θ on the degree of relative risk aversion diﬀers. For calibrating the model it is thus
important to distinguish between the two concepts.
The crucial feature that underlies the main results of proposition 1 is that a PAYG
pension system fixes the relative position in old age. This is in fact not a consequence of
the specific assumptions on which this proposition is based but it is rather more general.
In particular, it also holds for uncertain wage growth and for diﬀerent reference groups.
This can be seen most easily for the case where the PAYG system provides the only source
of old-age income (i.e. τ F = λ = 0). In this case a defined contribution pension system
implies that for a stationary demographic development the pension benefit is proportional
to the income of active workers. To see this, note that under these circumstances the
consumption of young individuals (workers) in period t is given by cyt = (1 − τ )wt while
consumption of the old is given by cot = τ wt−1 (1 + gt ) = τ wt . Thus for any combination
of the two consumption levels the reference consumption levels dyt and dot will be directly
proportional to wt . Therefore the relative position of young and old individuals vis-à-vis
their respective reference groups will be constant over time even if the growth rate gt
fluctuates.

3

Empirical Estimations of the Optimal Pension System Design

3.1

Model specification for the estimations

In order to study the empirical implications of the model it has to be extended to a
multi-period framework. In particular, the utility function of the representative member
of generation t is now assumed to be given by:
Ut =

Y
X
y=1

δ y−1

1
(ct,t+y−1 − θdt,t+y−1 )1−α ,
1−α

(5)

where Y is the (constant) life expectancy, ct,s is the consumption of generation t in period
s and dt,s stands for the consumption of the reference group of generation t in period s.
Furthermore, it is assumed that the cohort size is constant and that all generations work
for Z periods and receive a pension payment for the remaining Y − Z periods. In each
period individuals earn a wage wt that is identical for all working cohorts (i.e., no seniority
profile) and they pay a fixed contribution rate τ . A share λ of total contributions is used
for the funded pillar and a share (1 − λ) for the unfunded pillar. In order to match the
10

model with the available data, I assume that Y = 3, Z = 2 and that one period lasts for
20 years. This corresponds to a situation where individuals start to work at the age of
20, retire at the age of 60 and die at the age of 80, a “life-cycle” that is broadly in line
with the actual constellation in industrialized countries.
The pension payment for generation t in the retirement period is denoted by pt+2 =
ct,t+2 = pUt+2 + pFt+2 , where pUt+2 (pFt+2 ) is the pension benefit from the unfunded (funded)
pillar. The unfunded pension is calculated in a “quasi-actuarial” manner (cf. Lindbeck
and Persson, 2003) where the notional interest rate is equal to the growth rate of wages
(see appendix). It can be shown that under this assumption the PAYG pension is always
strictly proportional to the current wage level as has already been the case in the 2-period
model. The funded pension is equal to the accumulated capital from the contributions to
the funded pillar (see appendix).
For the benchmark case I assume that the reference standard is now given by societywide average consumption:
dt,t+y−1 = c̄t+y−1 for y = 1, 2, 3

(6)

P
where c̄t = Y1 3i=1 ct−i+1,t stands for average consumption in period t. Given the structure
of the model lifetime utility of generation t depends on asset returns up to period t+2 (the
last period of his or her life). In the other direction, however, the members of generation
t are also influenced by economic variables that materialized before they were even born
in as far as these variables will aﬀect consumption of older generations and thus also the
average consumption level. In particular, the reference standard c̄t in generation t’s initial
period of life includes the consumption of generation t−2 and thus generation t is aﬀected
by macroeconomic variables that aﬀect this generation’s asset returns.
For the simulations one has therefore to deal with the important question of which
utility concept should be used to derive the optimal design of the pension system. In
particular, under the assumption of society-wide comparisons (cf. (6)) expected lifetime
utility of generation t depends not only on the initial wage wt and the future returns
rt+1 , rt+2 , gt+1 and gt+2 , but also on the present and past returns rt , rt−1 , gt and gt−1
(which are known when generation t starts to work). There exist two possibilities for
calculating expected utility. Either one treats wt and the past and present returns as
given which means that the future rates of return are the only sources of uncertainty in
the model. Or one can fix wt and calculate expected utility under the assumption that all
(past, present and future) rates of returns are uncertain. In the related literature these
diﬀerent concepts of expected utility are treated under diﬀerent names, e.g.: traditional vs.
11

Rawlsian (Matsen and Thøgersen, 2004), true vs. ex-ante (Hassler and Lindbeck, 1997)
or ex-post vs. ex-ante (Wagener, 2003) risk-sharing. In this paper, I use the concept of
ex-ante (or Rawlsian) risk-sharing since I want to look at the choice between funded and
unfunded pension systems from the perspective of an intertemporal social planner who
evaluates utility for a generation behind the veil of ignorance. The problem of such a
planner can be described as a situation where he has to consider all possible histories of
returns that might have lead to some given wage level wt and where he has to choose the
optimal levels of τ and λ given these possible histories.

3.2

The data

For the data on asset returns and wage growth I make use of two sources. Dimson et
al. (2002) provide data on real equity returns for a number of countries and 10 nonoverlapping decades from 1900-1999. I take these decades data to derive the geometric
mean and the standard deviation (SD) of 20-year returns based on 9 overlapping periods (1900-1919, 1920-1939, ..., 1980-1999). These summary statistics are reported in the
upper panel of Table 1 for a number of countries and pooled groups of countries. The
three countries covered (US, UK and France) have in common that they are rather large
economies for which it is not unreasonable to assume that the performance of their domestic financial markets is a good proxy for the investment opportunities faced by domestic
investors. In addition to the three countries I also report the data for the country group
“Anglo-Saxon” that comprises the return data for the US, the UK, Canada and Australia.
In particular, it is assumed that the equity returns for this group of countries are realizations from the same underlying stochastic process. The summary statistics for this pooled
country are thus based on all 36 observations of 20-year returns for the four individual
countries. I do not report the available data for other large countries (Germany, Italy,
Japan, Spain) since their returns seem to be overly influenced by the war period.8 I use,
however, the summary statistics for a second pooled country (“Group of Nine (G9)”) that
is based on the individual return data for the nine large economies included in the dataset
(US, Japan, Germany, France, UK, Italy, Spain, Canada and Australia).
Insert Table 1 about here
Using data from Maddison (2003) one can also calculate the growth rates of real per
capita GDP for the same sequence of overlapping 20 year intervals. Since data on real
8

In fact, most simulations based on the data for these countries imply an optimal share of funding
close to zero.
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wage growth are not available for most countries over the time span from 1900 to 1999 it
is assumed that per capita GDP is a reasonable proxy for wage developments. Geometric
averages and standard deviations of real growth are replicated in the third and forth
column of Table 1. The last column of the table reports the coeﬃcient of correlation
between equity returns and GDP growth rates.
It has been argued that the data from 1900 to 1999 cover some exceptional periods
(years of depression, two world wars etc.) and that they are therefore not a reasonable
guide for future investment returns and growth rates. In order to account for this (not
completely uncontroversial) argument I also construct summary statistics for the postwar period starting in 1950. For this short time-period the 20-year return data for single
countries are, however, problematic since they are based on a very small number of observations. For the sake of comparison, I nevertheless report the numbers in the lower panel
of Table 1 for the same three individual countries as in the upper panel. The summary
statistics for the pooled countries “Anglo-Saxon”and “Group of Nine (G9)” are based on
more underlying observations and their data can thus be regarded with a higher level
of confidence. The results below indicate, however, that the main result concerning the
impact of the concern for relative standing on the optimal share of funding is not very
sensitive to the choice of the data sample.
Table 1 shows that equity returns are higher but at the same time much more volatile
than GDP growth. For the US, e.g., the mean equity return over the average 20-year
period was 243.6% (corresponding to an average annual return of roughly 6.4%) with
a standard deviation of 263.6%. There exist also considerable diﬀerences in the riskreturn profile between countries. France, e.g., had both a lower average equity return
and a higher standard deviation than the Anglo-Saxon countries (US, UK and the pooled
country Anglo-Saxon). The exceptional cross-country diﬀerences during the first part of
the last century are also reflected in the data for the country-group G9 that shows a
particularly large standard deviation (386.3%).
The diﬀerences between countries (and pooled countries) are less pronounced in the
data sample 1950-1999. The summary statistics for France and also for the G9 are now
more in line with the risk-return profile of the Anglo-Saxon countries (US, UK and AngloSaxon). On the other hand, however, it is remarkable that this shorter period is in general
characterized by higher 20-year returns (255.9% for the nine large countries) and a higher
standard deviation (493.6%) than the longer period.
The data for real per capita GDP, on the other hand, show a diﬀerent picture. Real
GDP in the US, e.g., has increased by only 46.8% over the average 20-year period between
1900 and 1999 (corresponding to an average annual growth rate of roughly 1.9%). The
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fluctuations in GDP growth are, however, also considerably less pronounced than the
volatility of equity returns. The standard deviation is typically lower than the mean (and
often considerably lower) while the contrary is true for equity returns. The last column of
Table 1 contains the correlation between the growth rates of GDP and of equity returns.
The results here are not very consistent. For the longer period the correlation is typically
positive and low (with the exception of the UK and the pooled country G9) while for the
shorter period it is typically negative and rather large. Since the data for the short period
are based on a small number of observations these values should not be regarded as very
compelling and the correlation coeﬃcients based on the longer sample are certainly more
reliable.9 Below I will also report the results of simulations that use diﬀerent values of
the correlation coeﬃcient in order to see how sensitive the results are to changes in this
parameter.

3.3

Calibration and Simulation

In order to simulate the model one has to calibrate a number of parameters that are related
to individual preferences: α, δ and θ. For the curvature of the utility function I set α = 3.
This is close to the values chosen in the related literature (Matsen and Thøgersen, 2004;
de Menil et al., 2006) and it is within the range of values that are regarded as plausible
in this context (cf. Feldstein and Ranguelova, 2001). For the discount factor I choose a
value of δ = 0.55 which corresponds to an annual discount rate of 3%.
There exists less literature on the appropriate values for the strength of the concern
for relative standing θ. It is, however, possible to gauge plausible values by referring to
two classes of evidence. The first stems from the experimental choices between hypothetical societies conducted by Johansson-Stenman et al. (2002). In particular, in the
experiments individuals are asked to make repeated choices between two societies that
diﬀer with respect to the average income and the income of the respondent’s hypothetical grandchildren. For an assumed utility function one can then get an indication of an
individual’s concern for relative standing by looking at the societies between which the
respondent is indiﬀerent. The overall results in Johansson-Stenman et al. (2002) show
some diﬀerences depending on the specific characteristics of the choice experiments and
the assumed form of the utility function. For most cases, however, the value of the concern
9

This conclusion is also supported by the numbers based on 10-year-return data. Under the assumption
that equity returns and growth rates are jointly lognormally distributed the correlation coeﬃcient should
be the same for periods of any length n. The correlations coeﬃcients based on the 10-year-return data
are in fact more similar to the data in the upper panel (e.g. for the US: 0.072, for the UK: 0.6 and for
G9 0.48).
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for relative standing is in the range between 0.2 and 0.5.
As a second source of evidence for plausible parameter values of θ one can use the
literature on the poverty line. The poverty line is defined as the minimum level of income
that is deemed necessary in order to achieve an adequate standard of living and to participate in social life. Most developed countries use a poverty line that is specified in terms
of relative income. Institutions like the OECD and the EU employ a threshold of 50% or
60% of national median equivalised household income. The poverty line in the model of
this paper is given by θdt , where the reference standard refers, however, to the mean and
not to the median. Since the median income is typically lower than the mean income the
values of 50% or 60% would overstate the true weight of the relative component. In order
to correct for this bias one can make a crude adjustment. In particular, median income
in the US (using data from the US Census Bureau from 2004) has been 71.6% of mean
income. 50% (60%) of median income thus corresponds to 36% (43%) of mean income.
The results from the experimental choices and the definition of the poverty line thus
suggest that parameter values for θ between 0.2 and 0.4 can be regarded as reasonable.
For the sake of comparison the estimations will report results for the optimal pension
design for values of θ between 0 and 0.5.
For the simulation of return data it is assumed that R ≡ 1+r and G ≡ 1+g are jointly
lognormally distributed where the expected values, variances and covariances are derived
from the data in Table 1.10 For each simulation run 5 data points are drawn both for equity
return and for GDP growth. For a given set of simulated data points lifetime utility for
generation t = 3 (and for a fixed level of initial income w3 ) is evaluated for various values
of τ , λ and θ. This measure corresponds to the concept of “Rawlsian expected utility”
(see above and Matsen and Thøgersen, 2004). The “optimal” (i.e. utility-maximizing)
values of τ and λ for country i and a concern for relative standing θ are denoted by
τ ∗i (θ) and λ∗i (θ). In the course of the simulations it might happen that for a specific
constellation of the return data the level of consumption ct,t+y−1 is below the minimum
consumption θdt,t+y−1 in some period y. A social planner will try to choose values for
τ and λ that prevent such a situation as shown in the solution to the simple model of
section 2. For the continuous distribution used for the simulations, however, this outcome
can only be excluded for all cases if the weight of the funded pillar is zero. Otherwise
there always exist extreme constellations where any choice of λ > 0 might lead to a
period where consumption is below the subsistence level. This circumstance can induce
10

For the US 1900-1999 sample this means, e.g., that E(R) = 3.44, SD(R) = 2.64, E(G) = 1.47,
SD(G) = 0.12 and Cor(R, G) = 0.07. In the appendix the simulation from the bivariate lognormal
distribution is described in detail.

15

an unrealistically cautious behavior of the social planner. In order to account for this I
allow that for any combination of τ and λ a certain number of simulation runs (up to 10%)
might be associated with a situation where the constraint ct,t+y−1 ≥ θdt,t+y−1 is binding.
These simulations runs are then discarded when I calculate the expected utility for the
specific combination of pension parameters.11 The simulations have shown, however, that
almost no constellation of optimal parameters τ and λ involves such extreme periods of
time.

3.4

Benchmark results

The benchmark simulations start from the assumption that each country only invests
into its home market and that the portfolio consists exclusively of equity. Both of these
assumptions will be relaxed below where I will also calculate the optimal share for internationally diversified portfolios and for mixed portfolios.
Figure 1, panel (a) shows the pattern of λ∗i (θ) and τ ∗i (θ) for the country-data based
on the period 1900-1999 while panel (b) does the same thing for the data based on the
shorter period.
Insert Figure 1 about here
Disregarding the presence of social comparisons (θ = 0) one observes that for some
– particularly Anglo-Saxon – countries the optimal share of funding λ∗ is rather large.
For the US it is estimated as 76% (for the long period) and 71% (for the short period)
and for the simulations that use data from the other Anglo-Saxon countries it comes out
between 49% (UK, long period) and 91% (Anglo-Saxon, long period). Including, however,
also data for other countries leads to a diﬀerent picture. For France, e.g., the optimal
share of funding is only 7% (using data from 1900-1999) or 45% (using data from the
shorter period). For the country G9 that pools the return data for all large economies the
optimal share of funding is calculated as 20% (using data from 1950-1999).12 These results
indicate that even without the consideration of preferences for relative consumption the
11

The rationale behind this procedure is the following. At certain extreme periods of time the normal
pension benefits will not be enough to secure a decent standard of living in old age. It will then be
necessary to amend the pension benefits with supplementary payments that are financed from the general
budget. When designing the pension system the social planner accepts these extreme events and the
associated budgetary responsibilities in exchange for a more favorable average rate of return of the
pension system in normal times.
12
Including the return data for 5 additional smaller countries (the Netherlands, Belgium, Sweden,
Switzerland and Denmark) and constructing a country “Group of Fourteen” gives similar results (λ∗ for
θ = 0 is in this case 25%).
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return advantage of equity can be considerably thwarted by the higher risk of stock market
investments.
If the existence of reference standards and relative poverty is taken into account (θ > 0)
the optimal share of funding is reduced for all countries. In fact, as illustrated in Figure
1, the simulation results indicate that for all 10 data examples shown the optimal share
∂λ∗i (θ)
of funding decreases monotonically (i.e. ∂θ
< 0) and in a non-negligible way. If one
defines, e.g., the social reference standard as 20% of average wages (a rather modest
definition) the optimal share of funding for the US falls from 76% (71%) to only 29%
(20%). Similar reductions can be observed for all Anglo-Saxon countries where λ∗i falls
to values between 20% to 30%. The decrease in the optimal share is less pronounced
(although still considerable) for the countries that had a lower weight of funding even for
θ = 0. For the G9, e.g., the optimal share is reduced to a values between 3% and 9%. A
reference standard weight of θ = 0.4 is associated with even lower values for λ∗ , typically
around or below 10%.
For τ ∗i (θ) (the optimal total contribution rate to the pension system) the diﬀerences
between the various data samples seem to be less distinct than for the optimal share of
funding. For the simulations based on the longer period τ ∗ is between 0.15 and 0.22 while
it is slightly lower for the shorter period (both for the case where θ = 0). In general
it holds that the optimal level of the total contribution rate is lower in those countries
where the optimal share of funding is higher. This is of course the expected result since a
larger proportion of investments into the financial market allows to achieve a given level
of expected old-age income with a smaller amount of savings. An increase in the concern
for relative standing increases the optimal level of the contribution rate. For θ = 0.4 the
optimal contribution rate is now typically between 22% and 25%. As was the case for
the optimal share of funding the diﬀerences in the optimal contribution rates between the
various data samples are smaller for higher values of θ.

3.5

Estimation under alternative assumptions

The results of the last subsection should only be understood as approximate calculations
that are based on a number of assumptions. In the following, I want to analyze the
robustness of the results to changes in some of the crucial assumptions. The panels of
Figures 2 to 3 report the eﬀect of these changes for two “representative” countries–the
US (based on the sample period 1900-1999) and the pooled country group G9 (based on
the short period from 1950-1999).
Insert Figures 2 and 3 about here
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The reported optimal shares of funding might be biased downwards because people
are less risk-averse than implied by the assumption α = 3. In order to investigate this
argument I have reestimated the optimal share λ∗i (θ) for various values of the curvature
parameter α as shown in panel (a) of Figure 2 (for the US) and Figure 3 (for the
G9). These figures also include the benchmark estimation with α = 3. As expected, the
estimations are quite sensitive to changes in this crucial behavioral parameter. For the
US and assumption θ = 0, e.g., the values range between λ∗ = 1 (for α = 1) and λ∗ = 0.44
(for α = 5). For medium-ranged concern for relative standing and for the G9, however,
these diﬀerences are less pronounced. For θ = 0.3 the values for λ∗ are between 0.03 and
0.5 and for the less extreme value of α = 2 the diﬀerences to the benchmark are even
smaller.13 The optimal contribution rate increases in α (which is the mirror image eﬀect
of the decrease in λ∗ ). The diﬀerences here are, however, smaller and only for α = 1 the
eﬀect is larger than two percentage points.
The benchmark estimations of Figure 1 also (implicitly) assume that a country’s
funded pillar is exclusively invested in domestic stocks, i.e. that the pension system
is characterized by a complete home bias. Although there exists much controversy concerning the sources behind and the future development of the empirically observed home
bias it is nevertheless interesting to deal with this issue by also calculating the optimal
share of funding for an assumption that is the exact opposite: a perfectly diversified
portfolio. For this I use the “world index” assembled by Dimson et al. (2002). This
presents the performance of a sixteen-country portfolio weighted by market capitalization
and making up around 88% of today’s world stock market. This world index reflects the
gains from international diversification from the perspective of an US investor. The optimal share of funding for a pension system that invests into this world index (not shown) is
close to the values of the US: λ∗ = 0.65 (for θ = 0), λ∗ = 0.27 (for θ = 0.2) and λ∗ = 0.16
(for θ = 0.3). International diversification thus does not necessarily seem to strengthen
the case for the funded pillar when compared to the results of a portfolio with home bias.
Another factor that could influence the results is the correlation between equity
returns and GDP growth rates. A discussed above, the estimations of coeﬃcient of
correlation are not very reliable as they are based on a rather small number of observations.
Matsen and Thøgersen (2004) quote a number of papers that have studied the correlation
13
In fact, also in traditional portfolio choice problem the sensitivity of the optimal portfolio share of a
risky asset with respect to changes in the risk-return profile decreases with higher degrees of risk aversion.
Since increases in α and in θ alike will increase relative risk aversion (see FN 4) both of these changes
will reduce the sensitivity of the portfolio share with respect to changes in the underlying parameters. (I
am grateful to an anonymous referee for pointing this out).
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between domestic stock market returns and GDP growth and that have also come to
rather mixed and inconclusive results. In order to analyze the eﬀect of the correlation I
have repeated the simulations with changed values of ρ (between -0.5 and +0.75). The
results are shown in panel (b) of Figures 2 and 3. For the US, the optimal contribution rate
and the optimal size of the funded pillar seem to be quite insensitive to the coeﬃcient of
correlation. The value of λ∗ slightly increases in ρ which might be due to the fact that for
high levels of correlation the PAYG pillar is less advantageous as a hedge against possible
bad outcomes on the stock market. This results is in line with Matsen and Thøgersen
(2004) although the magnitude of the eﬀect is larger in their modelling framework. For
the G9 country group (Figure 3 (b)) I get, however, the opposite result. Now an increase
in the correlation lowers the optimal share of funding and also the size of the eﬀect is
larger than for the case of the US. These results thus confirm the rather mixed findings in
the related literature concerning the role of the correlation. Nevertheless, for θ = 0.3 the
optimal share of funding is again almost identical for both countries across all diﬀerent
values of ρ. This highlights a special property of PAYG systems. It not only oﬀers
an asset that shows less fluctuations than stock returns. It also provides an asset that is
perfectly correlated with wage growth and thus with the development of the income of the
reference group. If the concern for relative standing is important then this suggest a high
investment into the unfunded pillar, almost irrespective of the specific return structure
that is available on the stock market.
Both, the historical data on equity returns and the GDP growth rates might be suboptimal predictors for the future development, although for diﬀerent reasons. As far as
the return data are concerned one has to note that the unfunded and funded pillars have
diﬀerent administrative costs. In order to account for this I have looked at the possible
eﬀect of these costs by reducing the average annual equity return by 0.5% while assuming
that the costs for running the unfunded system are negligible. These administrative costs
are in line with empirical studies on this issue (cf. James, 2005). As far as the growth
rate of GDP is concerned it has been argued that changes in the demographic structure
(declining fertility and mortality rates) will lower the growth rate of the wage bill and thus
the rate of return of the unfunded pillar. Although it is hard to tell how important these
eﬀects will be (in particular since increases in migration and in labor force participation
might partly counteract them) I have also run simulations where annual GDP growth was
lowered by 0.5%. The results are shown in panel (c) of Figures 2 and 3. As expected, the
presence of management fees lowers the optimal share of funding while the assumption
of a declining population increases λ∗ . For G9 the eﬀects are quite large for θ = 0 while
they are smaller for the US. For values of θ between 0.2 and 0.3, however, the eﬀects are
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again almost negligible.
One could also argue that a portfolio that is composed solely of stocks is overly risky
and does not reflect the typical investment behavior of pension funds. In order to deal
with this argument I have used data on real bond returns (again from Dimson et. al,
2002) to construct mixed portfolios that consist of varying proportions of equity and
bonds. The optimal shares of funding for these portfolio selections are shown in panel (d)
of Figures 2 and 3. As is apparent from these pictures the mixed portfolios are always
associated with a smaller degree of optimal funding. The only exception is for the US
data where for some values of θ the portfolio with 75% equity and 25% bonds implies
similar and sometimes slightly higher values of λ∗ than the equity-only portfolio. For
larger proportions of bonds the simulations suggest much lower shares of funding and a
portfolio that invests primarily in bonds is completely dominated by the unfunded system.
The reason for these results is to be found in the return structure of equity and bonds.
For the mixed portfolios the standard deviations are lower than in the benchmark case
with 100% equity while at the same time the reduction in total return is moderate for
portfolios with equity shares up to 25%. This increases the attractiveness of the funded
pillar based on such portfolio mixes. A further increase in the share of bonds, however,
only seems to lower the expected portfolio return without entailing a noticeable reduction
of its standard deviation.
The assumptions discussed so far are, however, not the only factor that might have
an impact on the estimation of the optimal shares. One could, e.g., also argue that not
all people have the same reference standard and that to the contrary reference groups
diﬀer with respect to age, geographical regions, socioeconomic characteristics etc. If, e.g.,
people have a tendency to compare themselves to individuals of a similar age then the
impact of increases in θ might be smaller than in the benchmark case since movements in
own consumption and the consumption of the reference group will be more synchronized.
In order to study this argument I have repeated the analysis with diﬀerent assumptions
concerning reference groups. In the first case I assume “old-age comparisons”, i.e. (as
in the model of section 2) workers do not have reference groups and only pensioners
compare their level of consumption with the one of the active population. Since this
seems to be a rather extreme scenario I also study the case of “age-specific reference
groups” where it is assumed that the “span of comparisons” only covers “neighboring
generations”. This means that young workers look at the consumption of old workers,
pensioners compare themselves with the old workers and only old workers look at both
young workers and pensioners. This scenario appears to be a reasonable middle ground
between the assumption of society-wide comparisons and the assumption of completely
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isolated generation-specific comparisons. The results of these simulations are shown in
panel (e) of Figures 2 and 3. Interestingly, both alternative assumptions concerning
reference groups are associated with a larger optimal share of funding. Also the sensitivity
to the strength of the concern θ is less pronounced than in the benchmark case. This is
particularly noticeable for the case of “old-age comparisons”. These findings suggest that
in the benchmark case of society-wide comparisons the optimal share of funding decreases
in θ not only because bad asset market returns diminish pensioners’ relative standing but
also because good asset market returns lead to high pension benefits which will depress
the relative standing of workers. The position of the lines in panel (e) suggest (for both
the US and G9) that the latter eﬀect is in fact stronger than the first. The in-between
case of age-specific comparisons leads to quite similar results as the benchmark scenario
and in addition it is still the case that an increase in θ from 0 to 0.3 almost halves the
optimal share of funding.
Overall, I believe that the results stated in Figures 1 to 3 give a good indication
of the direction of the eﬀects that arise if a concern for relative standing is taken into
account. The robustness exercises show that changes in the underlying assumptions have
typically rather moderate eﬀects on the optimal total contribution rate but that they can
sometimes have a considerable impact on the estimated optimal shares of funding. This is
in particular true for the assumptions concerning the curvature of the utility function, the
correlation between GDP growth and equity returns (for G9) and alternative reference
groups. In every case, however, one could observe that an increase in the concern for
relative standing is associated with large reductions in these optimal shares. In fact, for
medium-ranged assumptions about the reference group dependence (θ is around 0.3) the
sensitivity to changes in the basic assumptions seems to be less pronounced. For almost
none of the cases and datasets considered the optimal share of funding exceeds 20% when
the strength of the relative comparison motive is assumed to be θ = 0.3.

3.6

Related Literature

There exists a small number of papers that contain results that are related to my estimations, in particular the three papers by Dutta et al. (2000), Matsen and Thøgersen
(2004) and de Menil et al. (2006). Although these papers do not take a possible concern
for relative standing into account they have undertaken (in one way or another) empirical
estimations for the optimal share of funding that can be related to the results of the
paper for the case with θ = 0. A direct and detailed comparison between the four papers
is, however, quite diﬃcult since the studies show considerable diﬀerences concerning the
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analyzed countries and time periods and the used methods and data.
For this reason I only want to refer briefly to the paper by de Menil et al. (2006) that is
most closely related to my approach. They use a two-period OLG model with exogenous
interest rates and wages where individuals are assumed to take optimal savings decisions
and where there exists a purely PAYG public pension system. The authors analyze
the determinants of the optimal savings rate (into the funded pillar) and the optimal
contribution rate (to the unfunded system) in the framework of the theoretical model.
They then proceed to present estimations for the optimal values of these variables by
assuming a CARA utility function and using data (from 1950 to 2002) for the US, the
UK, France and Japan. Furthermore, they assume that the working period is twice as long
as the pension period (the same assumption as in the estimations above). But instead of
simulating a multi-period model they stick to the two-period model and “condense” the
various years into two-period (or lifetime) measures by using appropriately aggregated
values of the annual data. For the same coeﬃcient of relative risk aversion as in the
benchmark case of the present paper (α = 3) the estimates for the optimal shares of
funding λ∗ are reported as: 0.44 (US), 0.31 (UK), 0.18 (France) and 0.12 (Japan).14 It is
interesting to note that despite the considerable diﬀerences in the estimation procedure
the ranking of these countries with respect to the size of the funded pillar is identical to
my calculations although the sizes of the estimated λ∗ are quite diﬀerent.15

4

Conclusion

In this paper, I have dealt with the issue of optimal portfolio choice between funded and
unfunded pension systems when people care about their standing relative to a reference
group. Relative consumption is an important factor in order to evaluate the well-being of
pensioners, in particular when one is concerned about the threat of old-age poverty. In
fact, the importance of pensions systems to deal with the prevention and relief of poverty
among older people was recently emphasized by a number of international organization
(OECD, 2005; Holzmann and Hinz, 2005). I have developed a formal model that includes a
consumption reference standard for old individuals which is defined as a certain percentage
14

These values can be found in Table 2 of de Menil et al. (2006) where my τ ∗ corresponds to the value
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The numbers reported in Figure 1 for these four countries are: 0.76 (US), 0.49 (UK), 0.07 (France)
and 0 (Japan; not shown in Figure 1). The total contribution rates derived in de Menil et al. (2006) are
on average 0.27 which is slightly higher than my estimates.
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of labor income and that has the natural interpretation as a socially defined subsistence
level (or as a poverty line).
It was shown that the optimal total contribution rate increases with the strength
of the concern for relative standing while the optimal share of funding decreases with
this parameter. This is an implication of the fact that in properly designed defined
contribution PAYG systems pensions are perfectly tied to future wages. Accordingly, in
PAYG systems there exists only uncertainty about the level of future wages (and thus
about future absolute consumption) but not about the future relative position. For funded
systems, on the other hand, both the absolute and the relative positions are uncertain
and thus the attractiveness of funding is diminished by higher levels of equity return risk
and/or a stronger concern for relative standing.
In the final part of the paper I have developed a multi-period version of the model in
order to estimate the optimal shares of funding for various countries and time periods.
Using data on equity returns and income growth rates from 1900 to 1999 the empirical
estimations suggest that for the case where people are assumed to care solely about their
absolute level of consumption the optimal share of funding very much depends on the
data used for the simulations. For data from the US (1900-1999), e.g., the benchmark
results indicate an optimal share of funding of 76% while using data for the G9 from 19501999 suggest a much lower share of only 20%. Once the concern for relative standing is
taken into account these diﬀerences between data samples become less important and for
all cases considered in this paper the optimal share of funding drops considerably if one
assumes a reasonable strength of the concern for relative standing. For θ = 0.3, e.g.,
the optimal share of funding is typically below 20%. This finding has been confirmed by
an extensive number of robustness tests concerning the degree of relative risk aversion,
the correlation between returns, the use of mixed portfolios, the presence of management
fees and declining population and the existence of alternative reference groups. Overall
one can thus conclude that the high risk of equity taken together with people’s concern
for relative consumption lowers the attractiveness of a funded pension system that is
associated with its return advantage.
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5

Appendix

Section 2.2: The optimal design of the pension system
Proof of proposition 1:
Maximizing expected utility (4) with respect to τ and λ leads to FOCs that can be
transformed into:
(
)
[τ (1 + λrH ) − θ(1 − τ )]−α (1 + λrH + θ)+
δ
(7)
= (1 − τ )−α
2
[τ (1 + λrL ) − θ(1 − τ )]−α (1 + λrL + θ)
1

1

[τ (1 + λrH ) − θ(1 − τ )] (rH )− α = [τ (1 + λrL ) − θ(1 − τ )] (−rL )− α

(8)

Equations (7) and (8) lead to:
τ
(1 + λrH ) − θ =
1−τ
1

µ

δ(1 + θ)εr
(−rL )

¶ α1

≡Ψ

(9)

1

τ − θ(1 − τ )
(rH ) α − (−rL ) α
τ − θ(1 − τ )
λ=
Γ
1
1 ≡
τ
τ
rH (−rL ) α + (−rL ) (rH ) α

(10)

Using (9) and (10) one can solve for the optimal levels of τ and λ. They come out as:
τ∗ =

Ψ + θ(1 + ΓrH )
Ψ + (1 + θ)(1 + ΓrH )

(11)

ΨΓ
Ψ + θ(1 + ΓrH )

(12)

λ̂ =

Note that Ψ ≥ 0 and Γ ≥ 0. The latter follows from the facts that (−rL ) ≥ 0 (due to
the assumption rL ≤ g = 0) and that (rH ) ≥ (−rL ). λ̂, however, can be larger than 1
(thereby violating the no-short-sales constraint) and so the optimal share is defined as
λ∗ = min[1, λ̂]. For τ ∗ it holds that 0 ≤ τ ∗ ≤ 1.
Setting α = 1 reduces (11) and (12) to the equations stated in proposition 1, i.e.
µr
δ+θ(1+δ)
δ(1+θ)
∗
τ = (1+θ)(1+δ)
and λ̂ = δ+θ(1+δ)
. Note that ε2r − µ2r ≥ 0 due to the assumption that
ε2r −µ2r
rL ≤ 0 (and thus µr ≤ εr ). It follows that:
∂τ ∗
1
∂τ ∗
1
= (1+θ)(1+δ)
2 ≥ 0, ∂θ = (1+θ)2 (1+δ) ≥ 0
∂δ
θ(1+θ)
µr
µr
∂ λ̂
∂ λ̂
δ
= [δ+θ(1+δ)]
≤0
2 ε2 −µ2 ≥ 0, ∂θ = −
∂δ
[δ+θ(1+δ)]2 ε2r −µ2r
r
r
2 +µ2
µ
ε
ε
δ(1+θ)
2δ(1+θ)
r r
∂ λ̂
∂ λ̂
= δ+θ(1+δ) (ε2r−µ2r)2 ≥ 0, ∂ε
= − δ+θ(1+δ) (ε2 −µ
2 )2 ≤
∂µr
r
r
r
r
r
∗
∗

0
Note that for τ = τ and λ = λ it holds that cot+1 ≥ θdot+1 , ∀t. In order to see
this write cot+1 − θdot+1 = wt [τ (1 + λrt+1 ) − θ(1 − τ )] ≡ Φ. In the case where λ̂ < 1 the
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expression Φ can be written as:
·
¸
µr rt+1
δ(1 + θ)
1+
Φ=
(1 + θ)(1 + δ)
rH (−rL )
For the bad outcome (rt+1 = rL ) this reduces to Φ =
where λ∗ = 1 the expression Φ can be written as:
Φ=

δ(1+θ)
(1+θ)(1+δ)

h

εr
rH

i

≥ 0. In the case

1
[δ(1 + θ) + [δ + θ(1 + δ)] rt+1 ]
(1 + θ)(1 + δ)

It holds that Φ ≥ 0 if [δ(1 + θ) + [δ + θ(1 + δ)] rt+1 ] ≥ 0 or (inserting rt+1 = rL ) if
µr
δ(1+θ)
δ(1+θ)
εr ≤ δ+θ(1+δ)
+ µ ≡ ε̃r . But λ∗ = 1 implies that λ̂ ≥ 1 which holds for δ+θ(1+δ)
≥1
ε2r −µ2r
r ³ r
´
δ(1+θ)
or εr ≤ µr δ+θ(1+δ)
+ µr ≡ ε̂r . Since ε̂r ≤ ε̃r it can be concluded that also in the case

where λ∗ = 1 it holds that Φ ≥ 0 or cot+1 ≥ θdot+1 .
Section 3.1: The model specification for the estimations
In every period t the social planner puts λτ wt into the funded part and (1 − λ)τ wt
into the unfunded part of the pension system. The unfunded pillar is organized as a
notional defined contribution (NDC) system where the notional interest rate nit states
how contribution to the (fictitious) pension account are revalued. At the time of retirement
generation t has accumulated a (fictitious) capital ΩUt,t+2 on the account of the unfunded
pillar that is given by:
ΩUt,t+2 = (1 − λ)τ wt (1 + nit+1 )(1 + nit+2 ) + (1 − λ)τ wt+1 (1 + nit+2 )

(13)

Similarly, the (real) capital ΩFt,t+2 in the funded pillar is given by:
ΩFt,t+2 = λτ wt (1 + rt+1 )(1 + rt+2 ) + λτ wt+1 (1 + rt+2 )

(14)

The notional interest rate is set equal to the growth rate of wages: nit = gt . Inserting
this into (13) leads to ΩUt,t+2 = pUt+2 = 2(1 − λ)τ wt+2 . Note that the PAYG pillar of
the pension system has a balanced budget in every period. This follows from the fact
that total income of the PAYG system in period t + 2 is given by 2(1 − λ)τ wt+2 which
equals total expenditures given by pUt+2 . This is a stylized PAYG system that nevertheless
resembles the general practice of many real world unfunded pension systems (e.g. Sweden,
Germany, Austria).16 Due to the assumption that there is only one period of retirement
16

The fact that the PAYG system is balanced in every period also holds in the case where there are
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it is not necessary to specify how the pension capital of the funded pillar is annuitized,
i.e. transformed into annual pension installments. It simply holds that pFt+2 = ΩFt,t+2 . In
the general case, however, with Y − Z > 1 one had to make additional assumption about
this annuitization.
Under the assumption of society-wide comparisons (cf. (6)) lifetime utility for generation t can be written as:
1 X y−1
Ut =
δ
(ct,t+y−1 − θc̄t+y−1 )1−α
1 − α y=1
Y

(15)

Note that consumption for all periods of life can be written in the form wt Θ1 , where Θ1 is
a function of the returns r and g. By similar transformations also average consumption c̄t
can be expressed in the form wt Θ2 where Θ2 is now a rather complicated function of lags
t
and leads of r and g. Calculating Vt ≡ wU1−α
thus gives a measure for lifetime utility that
t
is independent of the initial wage level of generation t and instead only depends on the
stochastic properties of the growth rates of wages and asset prices. In order to assess the
relative attractiveness of funded and unfunded pension systems for a given initial state I
use the measure Vt in the simulations.
Section 3.3: The simulation
The sources for the data on real equity returns and GDP growth rates are described in
section 3.2 and the means µj , standard deviations σ j and correlations ρ are shown in Table
1 for j = r, g. The procedure for simulating data points that possess these stochastic
properties is the following. It is assumed that R ≡ 1 + r and G ≡ 1 + g are jointly
lognormally distributed with E(R) = 1 + µr ≡ µ̂r , E(G) = 1 + µg ≡ µ̂g , V ar(R) = σ 2r ,
V ar(G) = σ 2g , Cor(R, G) = ρ and Cov(R, G) = ρσ r σ g . Given this information one knows
that the two variables R̃ ≡ ln R and G̃ ≡ ln G are jointly normally distributed with
R̃ ∼ N(mr , s2r ) and G̃ ∼ N(mg , s2g ) and with Cor(µR̃, G̃) = ¶
ρ̃. The following relations hold
³
´
2
σ 2j
µ̂j
2
√
(e.g. Law and Kelton, 2000, chap. 8.5): mj = ln
and sj = ln 1 + µ̂2 for j =
µ̂2 +σ2
j
µ
¶ j j
R̃,G̃)
. The Mathematica
r, g. Furthermore Cov(R̃, G̃) = ln 1 + Cov(R,G)
and ρ̃ = Cov(
sr sg
|µ̂r µ̂g |
command MultinormalDistribution is employed to draw sequences of bivariate normally
distributed variables R̃i and G̃i . From these ri = eR̃i −1 and gi = eG̃i −1 can be calculated.
The simulation is based on Y = 3 and Z = 2. For each simulation run I draw time
series for ri and gi from i = 1, . . . , 5 and evaluate Vt at time t = 3. Due to the fact
multiple periods of retirement (i.e. where Y − Z > 1). In this case one has to assume in addition that
pensions are annually adjusted with the growth rate of wages (i.e with nit ).
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that average consumption depends on past variables 5 data points are needed to calculate
lifetime utility measures (from t − Y + 1 to t + Y − 1, where now t = 3 and Y = 3).
The results reported in the paper are based on 1.000 simulation runs. For λ and τ
I consider values between 0 and 1 with a chosen step length of 1/100 while for θ I use
values between 0 and 0.5 with a steplength of 1/10. In the simulation the problem may
arise that (for θ > 0) in some simulation runs c3,3+y−1 − θc̄3+y−1 < 0 for some y = 1, . . . , 3.
I describe in section 3.3 how I deal with these cases.
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Table 1
20 Year Equity Returns and Per Capita GDP Growth for Selected Countries
Real Return on Equities
Over Twenty Years

Mean

Standard
Deviation

Real Per Capita GDP Growth
Over Twenty Years

Mean

Standard
Deviation

Correlation

11.6%
17.2%
30.0%
17.2%
50.5%

0.073
0.481
-0.016
0.045
0.484

8.6%
4.2%
32.3%
11.3%
59.6%

-0.751
-0.373
-0.729
-0.222
0.416

1900-1999
US
UK
France
Anglo-Saxon
Group of Nine (G9)

243.6%
207.8%
93.2%
246.9%
152.3%

263.6%
296.9%
337.1%
255.2%
386.3%

46.8%
33.3%
48.6%
40.0%
47.3%

1950-1999
US
UK
France
Anglo-Saxon
Group of Nine (G9)

302.9%
349.9%
284.9%
266.7%
255.9%

337.3%
374.5%
427.0%
279.1%
493.6%

56.5%
49.6%
64.9%
53.3%
74.6%

Note: Own calculations based on Dimson et al. (2002) and Maddison (2003). The (geometric) means are calculated from 20 year
periods, for the upper panel periods between 1900 and 1999 and for the lower periods between 1950 and 1999. The (sample)
standard deviations and correlations are based on the same data of 20-year returns. For the summary statistics of the country group
“Anglo-Saxon” the data for four Anglo-Saxon countries (US, UK, Canada and Australia) are pooled. “Group of Nine (G9)” also
refers to a country group that pools the return data of all large economies (US, Japan, Germany, France, UK, Italy, Spain, Canada
and Australia).

Figure 1
The optimal share of funding λ* and the optimal contribution rate τ*
as a function of the concern for relative standing θ (different countries and time periods)
The optimal share of funding (λ*)

The optimal contribution rate (τ*)
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(b) Sample period: 1950-1999
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Note: The picture illustrates the optimal (i.e. utility-maximizing) contribution rate τ and share of funding λ in a model with life
expectancy of Y=3 and a retirement age of Z=2. It is assumed that equity returns and GDP growth rate are jointly lognormally
distributed with the values for the means, standard deviations and correlations given in Table 1. The calculations for the optimal τ*
and λ* in dependence of θ are based on 1.000 simulation runs.

Figure 2
The optimal λ and τ for the US (1900-1999) under various alternative assumptions
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*
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(a) Different curvatures of the utility function α
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(b) Different correlations between equity returns and GDP growth
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(different values of ρ)
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(c) Different management fees and populations growth rates
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Note: Figure continued on the next page.
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Figure 2 (continued)
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(d) Different portfolio mixes between equity and bonds
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Note: The optimal values are derived as explained in the note to Figure 1. The alternative assumptions are explained in the text. The
data are based on the period 1900-1999.

Figure 3
The optimal λ and τ for the country group G9 (1950-1999)
under various alternative assumptions
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(a) Different coefficients of relative risk aversion α
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(b) Different correlations between equity returns and GDP growth
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Note: The optimal values are derived as explained in the note to Figure 1. The alternative assumptions are explained in the text. The
data are based on the sample period 1950-1999.
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