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Abstract

In this paper, I study the role of housing for wealth accumulation and the deter-

mination of the equilibrium real interest rate within a continuous-time overlapping

generations model that incorporates a realistic demographic structure and house-

holds that save for life-cycle and bequest reasons. The benchmark model contains

three groups of dwellers: renters, homeowners with mortgages and outright own-

ers. The latter group is assumed to inherit their dwellings, to use them as lifelong

residences and to bequest them to their descendants. In addition there is also the

group of the top 1% who are assumed to have higher incomes and stronger bequest

motives. The calibrated model predicts a decline in the equilibrium real interest

rate between 1980 and 2018 of almost 4 percentage points (pp), an increase in the

wealth-to-income ratio of almost 250 pp and an increase in the share of housing

wealth of almost 8 pp. All of these patterns are broadly in line with the empirical

observations. In addition, the results of the model also align with other empiri-

cal regularities, like the mute response in the capital-to-income ratio, the trend in

inheritance flows and the proliferation of mortgages. The paper closes with a dis-

cussion of why the assumptions about the behavior of outright owners are crucial

for capturing these developments.
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Non-technical summary 

In recent decades, real interest rates have experienced a consistent decline by about 3 percentage 
points (pp).  Various factors such as shifts in savings patterns, technological advancements, and 
income inequality have been explored as potential drivers for this trend. So far, however, the 
existing literature on this topic has neglected the role of land and real estate as a key asset class. 
This is particularly noteworthy given the historical importance of real estate for global wealth. 

This paper aims to address this gap by introducing a housing sector into a standard economic 
model. The central question it seeks to answer is how the inclusion of a housing sector 
influences the determination of equilibrium interest rates and their evolution over time. The 
presence of a housing sector may serve as a “reservoir” for excess savings, thus mitigating their 
impact on the capital stock and the resulting downward pressure on interest rates. Moreover, it 
may alter the relative importance of various influential factors discussed above, such as 
demographics, inequality, and technological advancements.  

To capture the life-cycle dimension of savings and housing decisions, the study employs an 
overlapping generations model in continuous time, building on the work of Piketty (2011). This 
model considers households working in the first part of their lives and receiving pay-as-you-go 
pension benefits during retirement in their second part. The utility function of households 
incorporates intratemporal, intertemporal, and intergenerational elements, resulting in a savings 
schedule guided by both life-cycle and bequest motives. 

The calibrated model considers four distinct societal groups, distinguishing between the top 1% 
and the rest of society. The bottom 99% is further segmented into renters, owner-occupiers with 
mortgages, and outright owners. These outright owners are assumed to inherit their dwellings, 
to use them as their residences throughout life, and to pass them on to their descendants.  

The model is solved numerically, where I follow Summers & Rachel (2019) and Platzer & 
Peruffo (2022) and focus on steady-state comparisons between an “initial period” (roughly 
around 1980, before the decline in real interest rates) and a “current period” (approximately 
around 2018), considering changes in various economic parameters. 

Results indicate that the inclusion of a housing sector tend to increase equilibrium interest rates, 
reflecting the additional investment opportunity for household savings. The steady state 
comparison, on the other hand, implies a decline in the interest rate between 1980 and 2018 by 
almost 4 pp (from 9.6% to 5.7%), an increase in the wealth-to-income ratio by almost 250 pp 
(from 350% to 599%) and an increase in the share of housing wealth in total wealth by 8 pp 
(from 46% to 54%). These results are broadly in line with the empirically observed data. What 
is more, the extended model is also able to account for a number of other empirical regularities 
like the wedge between safe and risky interest rates, for an increase in the inheritance flows and 
for a proliferation of mortgages. Models that exclude housing have difficulties to match all of 
these features at the same time as discussed at the end of the paper.  



1 Introduction

Real interest rates have exhibited a constant decline over the recent decades. A seminal

study by Laubach & Williams (2003) documented a decrease of approximately 3 per-

centage points (pp) in the long-run real interest rate in the United States since 1980.

This decline was subsequently corroborated by various studies, including Summers &

Rachel (2019), who estimated a similarly sized decrease in the global real interest rate

since 1980. This empirical trend has given rise to a substantial body of literature aiming

to elucidate its underlying causes. The primary explanatory factors highlighted in this

literature include shifts in savings patterns and advancements in technological progress.

Excess savings may stem from demographic aging, which increases the need to prepare

for old age (Eggertsson et al. 2019, Auclert et al. 2021), or they may result from the

widespread increase in income inequality, coupled with income-dependent savings rates

(Mian et al. 2021b). Another strand of the literature emphasizes the significance of a global

savings glut (Bernanke 2005) and a shortage of safe assets which had a dampening effect

on government bond rates in advanced economies (Caballero et al. 2017). Additionally,

some scholars have argued that technological developments, particularly the productivity

slowdown, may have contributed to the decline in interest rates (Gordon 2014). A com-

prehensive discussion of various explanatory channels can be found in Rachel & Smith

(2015) and Mian et al. (2021a). Summers & Rachel (2019) and Platzer & Peruffo (2022)

employ large-scale quantitative models to assess the relative importance of these different

channels in explaining the decline in interest rates.

What is common to the existing literature on this topic, however, is the neglect of

land and real estate as an asset class, with the assumption that physical capital is the

only asset available to absorb the volume of savings. This is a non-trivial omission given

that real estate constitutes the most important component of global wealth—a fact that

has been true throughout history. This paper aims to address this gap by introducing

a housing sector into an otherwise standard economic model. The primary question it

seeks to answer is how this extension influences the determination of equilibrium interest

rates and their evolution over time. The presence of a housing sector may serve as

a “reservoir” for excess savings, thus mitigating their impact on the capital stock and

the resulting downward pressure on interest rates. Moreover, it may alter the relative

importance of various influential factors discussed above, such as demographics, inequality,

and technological advancements.

To capture the life-cycle dimension of savings and housing decisions, I employ an over-
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lapping generations (OLG) model in continuous time, that is based on Piketty (2011).

In this framework, households work for the first part of their lives while being retired in

the second part, during which they also receive pay-as-you-go (PAYG) pension benefits.

The utility function of households comprises three elements: an intratemporal (housing

vs. non-housing consumption), an intertemporal (expenditures over time), and an inter-

generational (individual utility vs. a warm-glow bequest motive) element. This structure

results in a savings schedule that is guided by both a life-cycle motive (shaped by the

generosity of the public pension system) and a bequest motive (affected by the strength of

intergenerational ties). In the benchmark model I assume that society is composed of four

groups that differ along various dimensions. First, I explicitly distinguish between the top

1% and the rest of society, where the former are characterized by higher lifetime incomes

and more pronounced bequest motives. Second, I assume that the bottom 99% consist of

three groups of dwellers: renters, owner-occupiers with mortgages and outright owners.1

The latter groups of owner-occupiers are specified in a stylized fashion in order to keep the

model tractable. In particular, members of the first group of owner-occupiers are assumed

to finance their home purchases entirely with mortgages and to furthermore continuously

adapt and refinance these purchases. In contrast, outright owners are assumed to inherit

their dwellings, to use them as their residences throughout life, and to pass them on to

their descendants. The houses of outright owners are thus never on the market, but they

are nevertheless valued at the prevailing house prices, thereby contributing to housing

wealth. Altogether, the financial savings accumulated by households collectively give rise

to a wealth supply schedule, that depends positively on the interest rate.

On the other side, there are three asset categories where these aggregate savings can

be allocated: government bonds, physical capital, and the housing stock. Capital demand

arises from the assumption of a Cobb-Douglas production function and competitive mar-

kets for goods and factors of production, implying an inverse relationship between capital

demand and the interest rate. Following the asset-market framework for the housing sec-

tor (cf. Poterba 1984), the purchase price of the housing stock is determined by the present

value of the discounted stream of rental income (both actual and imputed). Consequently,

the demand by the housing sector also depends negatively on the interest rate and pos-

itively on the equilibrium rent. In summary, the equilibrium interest rate is determined

by the intersection of the wealth supply schedule (reflecting households’ accumulated

1It is empirically well-documented that the type of tenure (renting or owning) and the source of
income (labor or capital) are important determinants of the position in the wealth distribution. See, e.g.,
Fessler & Schürz (2021).
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wealth) and the wealth demand schedule (encompassing investments in physical capital,

the housing stock, and government bonds).

The model is solved numerically, where I follow Summers & Rachel (2019) and Platzer

& Peruffo (2022) and focus on steady-state comparisons between an “initial period”

(roughly around 1980, before the decline in real interest rates) and a “current period”

(approximately around 2018). For the calibration I use data from the Worldbank and

from the OECD that refer to the group of high income countries around these two dates.

Furthermore, I calibrate the bequest motives to target a wealth-to-income ratio of 350%

and a share of wealth held by the top 1% of 28% (both in the initial period).2

The benchmark model implies an initial interest rate of 9.6% which is associated with

the targeted initial wealth-to-income ratio of 350%. These values are higher than those

obtained in a model without housing (8.4% and 238%, respectively) which reflects the

fact that the existence of housing provides another investment vehicle for the supply of

household savings thereby lowering investments into the capital stock and driving up the

equilibrium interest rate. In a next step I calibrate the model to the situation around

2018 using parameter values that reflect the changes in inequality, productivity growth,

population growth, life expectancy, the retirement system, and in the housing market

(in particular involving a decrease in the share of renters and an increase in the share of

houses in possession of the outright owners). The implied steady-state is characterized

by a decline in the interest rate by almost 4 pp (from 9.6% to 5.7%), an increase in the

wealth-to-income ratio by almost 250 pp (from 350% to 599%) and an increase in the

share of housing wealth in total wealth by 8 pp (from 46% to 54%). These results are

broadly in line with the empirically observed data (with the implied decline in the real

interest rate being on the larger side).3

In addition to these core variables the model also has implications for a number of

further macroeconomic variables that can be compared to their real-world counterparts

in order to assess the plausibility of the benchmark model and the differences to the

competing models. In particular, the model implies an only modest increase in the capital-

to-income ratio (from 168% to 204%), a 2.6 pp rise in inheritance flows (from 6.6% to

2These targets follow from the data reported in Piketty & Zucman (2014) and Bauluz et al. (2022)
and in Alvaredo et al. (2018), respectively, which are discussed more extensively below.

3As described in a later section, Piketty & Zucman (2014) report for the period from 1970-2010 an
average increase in the wealth-to-income ratio from 355% to 465% while Bauluz et al. (2022) find for
the period from 1980-2018 an average increase from 301% to 537%. For the share of housing wealth, on
the other hand, the empirical literature reports an average increase from around 36% to 53% (Piketty &
Zucman 2014, Alvaredo et al. 2018).
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9.2%), and a 38 pp increase in the share of mortgages-to-GDP (from 36% to 74%). These

additional results align with empirical data reported in Bonnet et al. (2014), Alvaredo

et al. (2017) and Jordà et al. (2016), respectively, with the latter, for example, indicating

that mortgages have increased from about 20% of GDP at the start of the 20th century to

approximately 70% today. Furthermore, the model gives rise to aggregate savings rates

that are broadly in line with the empirical observed data, in particular if one excludes

capital gains from the definition of savings (as should be done when seeking a comparison

to official data). Finally and connected to the last issue, it is worth noting that the

behavior of outright owners, who simply maintain their inherited houses, is consistent

with recent findings from Norway. In particular, Fagereng et al. (2019) document that

saving rates net of capital gains remain roughly constant across the wealth distribution,

while saving rates including capital gains systematically increase with wealth.

A later part of the paper explains why the assumption about the behaviour of outright

owners is crucial in order to capture the observed increase in the share of housing wealth

and the behavior of other macroeconomic magnitudes. In particular, outright owners are

assumed to simply keep their housing stock constant even if house prices are increasing

due to other developments in the economy (e.g. the decline in interest rates). This tends

to push up total wealth and the share of housing wealth. I show that both a model

without outright owners and a model with only renters fall short along this important

dimension since both would imply a decrease in the share of housing wealth. A model

without housing, furthermore, implies high savings rates and large increases in the capital-

to-income ratio which are at odds with what is empirically observed. In an appendix I also

provide a simple analytical example that demonstrates why and under which conditions

an increase in the ownership structure leads to an elevation in the total wealth-to-income

ratio and the share of housing wealth. This analytical insight further corroborates the

main results of the calibrated model.

Related literature: The main literature about the decline in the equilibrium real in-

terest rate has been summarized at the beginning of the introduction. Notably, the quan-

titative models developed by Summers & Rachel (2019) and Platzer & Peruffo (2022) can

be directly compared to the findings presented in this paper. A subsequent section in this

paper demonstrates a substantial alignment between these studies. Specifically, all three

investigations identify the rise in income inequality, the slowdown in productivity growth

and the increase in life expectancy as the primary drivers behind the decrease in interest

rates. The second area of related literature focuses on the components of wealth and their
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evolution over time. Notable contributions in this domain include Piketty (2011), Piketty

& Zucman (2014) and Bauluz et al. (2022). Within this context, Bonnet et al. (2014),

Bonnet et al. (2021) and Rognlie (2016) have discussed the role of housing in explaining

observed trends in aggregate wealth. The long-term trajectory of house prices and the

parallel increase in household mortgage lending are documented in Knoll et al. (2017) and

Jordà et al. (2016). Furthermore, the paper is also related to the literature on housing

and macroeconomics. The majority of research in this strand of research focuses on the

issue of short-run fluctuations, with a particular emphasis on developments following the

onset of the Great Financial Crisis (Favilukis et al. 2017, Justiniano et al. 2019, Kaplan

et al. 2020). Papers that deal with long-run developments are Borri & Reichlin (2018),

Grossmann, Larin, Löfflad & Steger (2021) and Grossmann, Larin & Steger (2021). The

latter paper presents a complementary explanation for the increase in the share of hous-

ing wealth, centered on a model that distinguishes between land and structures and in

which productivity increases are weaker in the construction sector than in the non-housing

sector. An encompassing literature review is provided by Piazzesi & Schneider (2016).

The paper is structured as follows. The supply side of the model is presented in the

subsequent section with the elaboration of the demand side following in section 3. The

general solution is expounded in section 4, while the numerical results are detailed in

section 5. Section 6 concludes and a number of appendices contain additional derivations

and extensions.

2 Supply side

2.1 Non-housing production

Total output of non-housing (or “normal” or “numeraire”) goods and services YNt is

assembled by a standard Cobb-Douglas production function:

YNt = F (Kt,AtLt) = Kα
t (AtLt)

1−α. (1)

Production uses physical capital Kt and the aggregate labor supply Lt where average

labor productivity At is assumed to grow at a constant rate g:

At = A0e
gt
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with A0 given. It is assumed that the total population and labor supply grow at rate n,

i.e. Lt = L0e
nt (the details of the demographic structure are described in section 3.1).

The proceeds of the “normal” production are divided between aggregate capital income

YKt and aggregate labor income YLt, i.e. YNt = YLt+YKt. Factor markets are assumed to

be competitive and it thus holds that YLt = (1− α)YNt and YKt = αYNt. The net return

on capital is denoted by rkt, i.e.:

rkt =
∂YNt

∂Kt

− δk = α
YNt

Kt

− δk, (2)

where δk stands for the rate of capital depreciation.

2.2 Housing

The total housing stock is denoted by H t. It is plausible to assume that the housing

supply increases with the size of the population (an assumption that is often maintained

in the related literature). As is specified in more detail below I assume that H t = H0e
nχt,

where 0 ≤ χ ≤ 1 is a parameter that captures the fact that the housing supply might not

fully keep pace with population growth.

In the model there are renters and owners. The housing stocks available for renters

and owners are denoted by H
r

t and H
o

t , respectively. For the latter I furthermore assume

that only a part H
om

t of the owner-occupied houses are actually on the market while a

part H
od

t is held by direct/dynastic/outright owners that stick to their dwelling, maybe

because of sluggishness or out of a sense of family obligations (see on this below). It thus

holds that:

H t = H
r

t +H
o

t = H
r

t +H
om

t +H
od

t =
(
κr
H + κom

H + κod
H

)
H t, (3)

where κr
H , κ

om
H and κod

H denote the shares of the total housing stock that are allocated to

the three types of dwellers with κr
H + κom

H + κod
H = 1. In the following I describe the three

segments of the housing market in more detail.

2.2.1 Rented houses

For each type of dwelling there are two important prices. For the rental properties H
r

t

the price for housing services P r
st (the “rent”) indicates how much a tenant has to pay per

unit of housing in order to use the housing services for one period. On the other hand, the

6



house price P r
ht states how much an investor has to pay in order to purchase one unit of

the rental housing stock. Furthermore, it is assumed that the value of the housing stock

depreciates at a constant rate δh.
4

The rent and the purchase price are closely related to each other (see Svensson 2023).

In particular, the advantage of holding a rental unit is twofold. On the one hand, an

investor gets the rent P r
st that is paid for using the unit diminished by the amount δhP

r
ht

that is needed to hold its service value intact. On the other hand, the investor also benefits

from any appreciation in the value of the housing unit, i.e. Ṗ r
ht =

dP r
ht

dt
. The rate of return

rht on investments into rental housing is thus given by:

rht =
P r
st − δhP

r
ht + Ṗ r

ht

P r
ht

=
P r
st

P r
ht

− δh +
Ṗ r
ht

P r
ht

.

This expression can be solved for the purchasing price P r
ht:

P r
ht =

P r
st

rht + δh −
Ṗ r
ht

P r
ht

. (4)

2.2.2 Owner-occupied houses on the market

For owner-occupiers the situation is somewhat different. The “buying owners”, i.e. the

ones that have to actually purchase their home (and do not inherit it as a “family prop-

erty”), face a per unit price of P o
ht. In order to highlight the parallel to the renters it is

instructive to assume that the owner-occupiers are completely flexible in their behavior

and that they are constantly buying and reselling their homes (abstracting from any trans-

action costs). Furthermore, it is assumed that these purchases are entirely financed by

mortgages with a mortgage interest rate rmt. While occupying their dwelling, households

have to pay the maintenance costs5 while at the same time benefiting from the valuation

gains. The user cost of owning (or equivalently: “the imputed rent”) is thus given by

P o
st = P o

ht

(
rmt + δh −

Ṗ o
ht

P o
ht

)
(see again Svensson 2023). For the owner segment there thus

4Alternatively, one could also assume that the depreciation were proportional to the rent P r
st or to

aggregate labor income YLt. The formulation where depreciation is proportional to the house value is,
however, most commonly employed in the related literature, in particular since it is assumed to include
also other factors like property taxes. See, e.g., Poterba (1984).

5For the sake of simplicity I assume that the maintenance costs are the same for rented and owner-
occupied houses.
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holds a condition parallel to the rental market expressions (4):

P o
ht =

P o
st

rmt + δh −
Ṗ o
ht

P o
ht

. (5)

2.2.3 Steady state for the rented and owner-occupied markets

In the steady state house prices grow at the rate g̃ where:6

g̃ ≡ g + n(1− χ). (6)

The rates of return will also be constant in the steady state even though they do not have

to be equal (e.g. due to different risk-return profiles). In particular, I assume that:

rht = rkt − ξh, rmt = rkt − ξm, (7)

where ξh and ξm are risk premia with ξh ≥ 0 and ξm ≥ ξh (such that rkt ≥ rht ≥ rmt).
7

The steady-state price-to-rent ratios are thus given by:8

P r
ht

P r
st

=
1

rh + δh − g̃
,
P o
ht

P o
st

=
1

rm + δh − g̃
. (8)

In section 4.2.3 I will show how the equilibrium rent is determined in a simple model and

which parameters might have an impact on its size.

2.3 National accounting

In order to calculate easily comparable wealth-to-income ratios it is necessary to first

define an income concept that is in line with the conventions concerning net domestic and

net national product (Piketty & Zucman 2014, Grossmann, Larin & Steger 2021). This

6This follows from the fact that in equilibrium the total value of houses has to grow at rate n + g.

For the rented segment it thus has to hold that
dP r

htH
r
t

dt
1

P r
htH

r
t

=
˙P r
ht

P r
ht

+
Ḣ

r
t

H
r
t

= n + g. From Ht = H0e
nχt

it follows that
Ḣ

r
t

H
r
t

= χn and thus
˙P r
ht

P r
ht

= n+ g − χn = g + n(1− χ). Parallel reasoning also holds for the

owner-occupied market with P o
ht and H

om

t (noting that only this part of the owned stock is actually on
the market).

7For models where the risk premia are derived from explicit assumptions involving stochastic returns,
risk aversion and portfolio choices see, e.g., Piazzesi & Schneider (2016).

8These relations are well-known from the asset-market approach of the housing market (cf. Poterba
1984).
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involves a number of issues ranging from the inclusion of both non-housing and housing

goods to the consideration of capital gains and deductions.9

In traditional national accounts the gross domestic product is defined as:

GDPNA
t = YNt + P r

stH
r

t + P o
stH

o

t (9)

where YNt = Kα
t (A0e

gtLt)
1−α stands for the gross domestic production of normal goods

(see (1)) while P r
stH

r

t and P o
stH

o

t capture the production of housing services in the rented

and owner-occupied segments, respectively. This formulation of national income excludes,

however, capital gains. As shown, e.g., by Robbins (2018) the neglect of capital gains

leads to inconsistencies in the context of theoretical models. I will therefore use the

Haig-Simmons definition of national income:

GDPt = Yt = YNt + P r
stH

r

t + P o
stH

o

t + Ṗ r
htH

r

t + Ṗ o
htH

o

t , (10)

where Ṗ j
ht =

dP j
ht

dt
for j ∈ {r, o}. For a discussion of the Haig-Simmons concept see, e.g.,

Robbins (2018) and Fagereng et al. (2019).

Physical capital Kt and the value of the housing stock depreciate at the rates δk and

δh, respectively. The net domestic product NDPt is thus given by:10

NDPt = GDPt − δkKt − δh
(
P r
htH

r

t + P o
htH

o

t

)
. (11)

2.4 Aggregate asset supply and wealth-to-income ratios

The aggregate asset supply (or equivalently the total demand for wealth) is given by

W d
t = WKt +WHrt +WHot +WDt, (12)

where WKt = Kt, WHrt = P r
htH

r

t , WHot = P o
htH

o

t = P o
ht

(
H

om

t +H
od

t

)
and WDt = Dt

stands for a possible stock of government bonds Dt. The total amount of housing assets

is defined as WHt = WHrt + WHot. Alternatively, one can also split the aggregate asset

9In this paper I focus on a closed economy and thus abstract from net foreign assets and thus also
from the distinction between domestic and national products.

10In fact, Robbins (2018) defines capital gains as being “equal to the change in the price of the un-
depreciated portion of the asset”. This would imply a slightly different definition of net domestic product

as NDPt = GDPt − δkKt − δhP
r
htH

r

t (1 +
Ṗ r

ht

P r
ht
)− δhP

o
htH

o

t (1 +
Ṗ o

ht

P o
ht
). The two formulations will, however,

have very similar implications since the product δh
Ṗ j

ht

P j
ht

is likely to be small.

9



supply in the supply of financial (or liquid) assets and the value of owner-occupied assets:

W d
t = W d

Ft +W d
Ot where W d

Ft = WKt +WHrt +WMt +WDt with WMt = Mt denoting the

value of outstanding mortgages and whereW d
Ot = WHot−WMt = P o

htH
od

t +
(
P o
htH

om

t −Mt

)
stands for the net worth of the stock of owner-occupied housing (i.e. its market value

minus the value of outstanding mortgage debt).

Total wealth and the various subaggregates can be related to any of the concepts of

national income that have been discussed above. The wealth-to-normal-goods ratio, e.g.,

is defined as:

βN
t =

W d
t

YNt

= (1− α)
W d

t

YLt

, (13)

where I use the fact that YLt = (1− α)YNt. This is a useful concept in the context of the

theoretical model since total savings of households will also depend on aggregate labor

income YLt.

In a similar fashion one can define βN
Kt =

WKt

YNt
, βN

Ht =
WHt

YNt
, βN

Hrt =
WHrt

YNt
, βN

Hot =
WHot

YNt
,

βN
Dt =

WDt

YNt
and βN

Mt =
WMt

YNt
. For later reference one can use equations (2), (4) and (5) to

derive:

βN
Kt =

α

rkt + δk
, (14)

βN
Hrt =

P r
stH

r

t

YNt

1

rht + δh − g̃
, (15)

βN
Hot =

P o
stH

o

t

YNt

1

rmt + δh − g̃
. (16)

For the two subgroups of owner-occupied houses the ratios are βN
Homt =

P o
stH

om
t

YNt

1
rmt+δh−g̃

=

κom
H

κom
H +κod

H
βN
Hot and βN

Hodt =
P o
stH

od
t

YNt

1
rmt+δh−g̃

=
κod
H

κom
H +κod

H
βN
Hot.

I assume the the entire supply of financial assets W d
Ft is held by financial funds that

operate under the condition of perfect competition. The funds collect all financial savings

in the economy, undertake all investments on behalf of the customers (the households) and

hand out the returns which constitute the households’ asset income. Using the definition

of financial wealth from above (W d
Ft = WKt + WHrt + WMt + WDt) the average interest

rate is given by:

rt =
Kt

W d
Ft

rkt +
P r
htH

r

t

W d
Ft

rht +
Mt

W d
Ft

rmt +
Dt

W d
Ft

rdt, (17)

where the interest rates rht = rkt−ξh and rmt = rkt−ξm have been defined in equation (7)

10



and where similarly rdt = rkt − ξd. Note that for the assumption of continuous mortgage-

financing the total value of mortgages equals the value of the self-acquired stock, i.e.

Mt = P o
htH

om

t .

The ratio βN
t (and all other ratios) can be easily transformed into alternative wealth-

to-income ratios as discussed in appendix A.1. The related empirical literature, e.g., often

divides aggregate wealth by the net domestic product. In this case (which I will define as

βt) one can write:

βt ≡ βNDP
t =

W d
t

NDPt

= βN
t

YNt

NDPt

= βN
t

1

1 +
P r
stH

r
t

YNt
+

P o
stH

o
t

YNt
+

Ṗ r
htH

r
t

YNt
+

Ṗ o
htH

o
t

YNt
− δhP

r
htH

r
t

YNt
− δhP

o
htH

o
t

YNt
− δkKt

YNt

.

In appendix A.1 I show that in a steady state with rkt = rht = rmt = r and βN
D = 0 the

ratio of net domestic product to non-housing output can be written as:

NDPt

YNt

= 1 + rβN − α = 1 + α
βH

βK

− δkβ
N , (18)

where βH

βK
=

P r
htH

r
t+P o

htH
o
t

Kt
is the ratio of housing wealth to physical capital wealth. In the

absence of housing (βH

βK
= 0) the net domestic product is always smaller than the non-

housing output (with NDPt = YNt for δk = 0). This, however, is no longer true for the

general situation where it might be the case that the inclusion of housing services exactly

counterbalances the subtraction of depreciation such that again NDPt = YNt. This will

happen if rβN = α which is not an implausible condition (e.g. α = 0.3, βN = 600%,

r = 5%). For the following benchmark calibrations it will hold that NDPt

YNt
is between 95%

and 98%.

3 Demand side

The aggregate wealth-to-income ratios derived in the last section depend on the house

prices and on the interest rate which are so far undetermined. As a short-cut one could

make the assumption that dwellers spend a fixed share of their labor income on housing

services together with the assumption of a small-open economy structure with an exoge-

nously given interest rates. In appendix B I study a simple example that is constructed

along these lines. For the benchmark case of the model, I want to focus, however, on the

11



case of interest rates that are the endogenous outcome of the intersection between assets

supply and asset demand. In order to derive the asset demand (or equivalently the sched-

ule of wealth supply) it is thus necessary to model the savings behavior of the households

in more detail. This is sketched in this section where large parts of the derivations are

relegated to appendix A.3.

3.1 Demography

The demographic structure of the household side follows Piketty (2011).11 It is based on a

continuous-time OLG model within a deterministic framework. People become adults at

age A, are continuously employed until retirement at age R and die at age D. Everybody

in this gender-free model has exactly one child at age E and thus everybody will inherit

at age I = D − E (if there are bequests). It is assumed that A ≤ I ≤ R.

The notation (following again Piketty 2010) distinguishes between calendar time t,

cohort birth year x and age a. The size of the cohort born in period x is thus denoted

by Nx(0), while Nx(a) refers to the size of the cohort born in period x at age a (which

happens in time t = x+ a). All members of a cohort are assumed to reach the maximum

age D and the cohort size is assumed to grow at rate n:

Nx(a) = Nx(0) = N0enx, (19)

with the normalization N0 = 1. It follows that N t−a(a) = Nt(a) = en(t−a). The sizes

of the young (working), the old (retired) and the total (adult) populations at time t are

given by:

Ny
t =

∫ R

A

Nt(a) da,N
o
t =

∫ D

R

Nt(a) da,Nt = Ny
t +N o

t . (20)

Note that labor supply is identical to the young population, i.e. Lt = Ny
t . As stated in

appendix A.2 the latter can be calculated as Ny
t = e−nA−e−nR

n
ent which was already used

in section 2.1 above (as Lt = L0e
nt). For the assumption that cohort sizes are constant

and normalized to 1 it holds that Nt = D − A, Ny
t = R− A and N o

t = D −R.

As mentioned in section 2.2, I assume that the housing stock changes with the size

of the population. In particular, the housing stock available for cohort x is given by

Hx = H0eχnx, where 0 ≤ χ ≤ 1 captures how sensitive the housing stock reacts to

11In particular, I follow section 5 in Piketty (2010) (which is the extended working paper version of
Piketty (2011)).
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population growth. The aggregate housing supply comes out as:12

H t =

∫ D

A

Ht(a) da = H0

∫ D

A

eχn(t−a) da = H0 e
−nχA − e−nχD

nχ
enχt (21)

which was used as H t = H0e
nχt above.

3.2 Factor incomes

As stated above aggregate labor income is given by YLt = (1 − α)YNt. It holds that

aggregate labor income is the total of age-specific labor incomes YLt(a), i.e. YLt =∫ D

A
YLt(a) da =

∫ D

A
Y t−a
L (a) da. The per adult averages of all aggregate variables are

denoted by lower-case variables, i.e. yNt = YNt/Nt,yKt = YKt/Nt, yLt = YLt/Nt, yLt(a) =

YLt(a)/Nt(a). Finally, I also assume that households might have different productivities.

In particular, it is assumed that each cohort contains a continuum i ∈ [0, 1] of types that

differ in their labor productivity yLti(a) with yLt(a) =
∫
i
yLti(a) di.

13 The productivity

growth rates, however, are assumed to be equal across types and age groups and identical

to the rate g.

3.3 Pension system

There exists a pay-as-you-go pension system that is financed by a constant contribution

rate τρ and that offers a flat net replacement rate ρ ≤ 1 to all individual that are older

than the retirement age R. As in Piketty (2010) pension income is integrated into labor

income yLti(a) which is thus interpreted as “augmented labor income” which corresponds

to net-of-contribution-rate labor income for working adults and to pension income for

retired adults. Put formally one can thus write:

yLti(a) = (1− τρ)yLti for a ∈ [A,R[

yLti(a) = ρ(1− τρ)yLti for a ∈ [R,D], (22)

12For the moment I do not model a housing production/construction sector which combines land,
labor and normal goods and services in order to produce “dwellings”. For a model along these lines see
e.g. Grossmann, Larin & Steger (2021).

13In fact, in order to take population growth into account it is assumed that each cohort consists of
Nx(a) “clones” where each clone itself consists of a continuum i ∈ [0, 1] of types.
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where yLti stands for the pre-contribution-rate labor income of type i in period t. I thus

abstract from the existence of seniority wages and all workers of type i get the same wage

in a certain period of time independent of their age a ∈ [A,R[.

One can calculate the contribution rate τ ∗ρ that is necessary to have a balanced pay-

as-you-go pension system in each period of time. In appendix A.2 I show that this comes

out as:

τ ∗ρ ≡ ρN o
t

Ny
t + ρN o

t

=
ρ

ρ+ en(R−A)−1
1−e−n(D−R)

=
ρ
(
1− e−n(D−R)

)
ρ (1− e−n(D−R)) + en(R−A) − 1

, (23)

where I use the expressions for Ny
t and N o

t given in the appendix. For constant cohort

sizes (n = 0) this reduces to τ ∗ρ = ρ(D−R)
R−A+ρ(D−R)

. In the following it is assumed that τρ = τ ∗ρ

and thus the pension system is always balanced. When ρ = 1 (τ ∗ρ =
No

t

Nt
) then households

have a constant (average) income stream over their lifetime.

3.4 Heterogeneous groups

The population is divided into various groups that differ in size, income, dwelling type,

and certain preference parameters. In particular, I consider four groups: renters, buying

owners with mortgages, outright (or direct) owners and the very wealthy (i.e., the top

1%), abbreviated by the superscripts “r”, “om”, “oo” and “w”, respectively.

� Size: The size of each cohortNx(a) is partitioned into the four groups withN j,x(a) =

κj
NN

x(a) where κj
N stands for the share of group j ∈ {r, om, oo, w} with

∑
j κ

j
N = 1.

The share of the top 1% is fixed per definition at κw
N = 0.01. The composition

of the remaining three groups is treated as given (where it is implicitly assumed

that their relative sizes are the outcome of individual preferences, cultural norms,

financial constraints and regulations etc.). The groups of renters and owners with

mortgages are in control of fractions κr
H and κom

H of the total housing stock H t,

respectively (see section 2.2). In as far as the directly owned housing stock is

concerned, I assume that also the top 1% fall into this group. It thus holds that

H
od

t = H
oo

t +H
w

t = (κoo
H + κw

H)H t.

� Income: I assume that yLti = djyyLt if i is member of group j. In other words yLti

can only take on four different values and it holds that
∑

j κ
j
Nd

j
y = 1. In fact, for

the sake of simplicity I will assume that only the wealthy have a different income

level and that dry = domy = dooy = dy. For a given dwy it thus follows that dy =
1−dwy κw

N

1−κw
N

.
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� Preferences: As will be discussed in the next section, the four groups also differ in

the utility they get from housing services (higher for owners) and in the strength of

the bequest motive (higher for the top 1%).

3.5 Utility functions

Households have to take three decisions: the intratemporal choice how to allocate a given

level of expenditures between housing and non-housing consumption; the intertemporal

choice how to set expenditure levels across time; and the intergenerational choice about

leaving a potential bequest. I analyze these decisions in the benchmark framework of

a warm-glow model.14 For the sake of readability I will in the following leave out the

group-specific superscript “j” whenever it does not give rise to misunderstandings. I

will thus write, e.g., hx
i (a) instead of hj,x

i (a), yx
Li instead of yj,x

L etc. I will keep the

superscript, however, for parameters that represent specific group characteristics like the

dwelling-specific utility parameter ηj and the group-specific bequest motive sjB.

3.5.1 The intratemporal choice between housing and non-housing consump-

tion

Households have to decide how a given expenditure level εxi (a) is allocated between non-

housing consumption cxi (a) and housing services hx
i (a). For the intratemporal utility

function I use the following specification:

u(cxi (a), h
x
i (a)) =

(ηjhx
i (a))

γ
(cxi (a))

1−γ

(γ)γ(1− γ)1−γ

where γ measures the relative weight of housing and ηj captures the fact that renters and

owners might experience different levels of utility from their dwelling, even if the housing

is identical in every other respect like size, amenities etc. In particular, it is assumed that

ηo ≥ ηr.15

14A previous version of the paper also included the results of a model with exogenously given savings
rates and with accidental bequests. These are available upon request.

15The utility mark-up of owning might have to do with the fact that people value the sense of security,
the possibility to modify and to adapt the buildings, the function of homeownership as a security for
catastrophic risk etc. It might also be a short-cut that captures possible tax advantages (or maybe
disadvantages) of owning vs. renting and thus people would ceteris paribus prefer to own rather than to
rent their shelter. Similar formulation are also used by, e.g., Iacoviello & Pavan (2013) or Kaplan et al.
(2020).
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Renters: The period budget constraint of renters is given by cxi (a)+P x
s (a)h

x
i (a) = εxi (a)

(where the price here stands for P r,x
s (a)). Maximizing the utility function with respect to

this budget constraint leads to the optimal levels:

cxi (a) = (1− γ)εxi (a)

hx
i (a) = γ

εxi (a)

P x
s (a)

. (24)

This set-up thus implies that households might change their housing consumption con-

tinuously (depending on the development of εxi (a) and P x
s (a)). This assumption of a

perfectly flexible housing demand is certainly rather implausible and is mainly done for

convenience (to keep the intra- and intertemporal decisions separated). It will turn out,

however, that in the steady state of the benchmark model the housing demand stays in

fact constant over the lifecycle.

Owners with mortgages: In order to simplify the exposition and to facilitate the

comparison to the group of renters I also assume (as already mentioned in section 2.2)

that the normal owner-occupiers are completely flexible and that they are constantly

buying and reselling their homes without transaction costs. These purchases are entirely

financed by mortgages at the mortgage interest rate rmt. As discussed in section 2.2,

this means that the imputed rent of these owners is given by P o
st = P o

ht

(
rmt + δh −

Ṗ o
ht

P o
ht

)
.

Returning to the cohort-perspective this means that the period budget constraint is still

given by cxi (a) + P x
s (a)h

x
i (a) = εxi (a) only that the price now stands for P o,x

s (a). The

optimal choices are thus still given by (24).

Outright owners: For direct owners the situation is different. They regard the house as

a family property which is passed on from generation to generation. In particular, I assume

that they inherit the house at birth (e.g. from their grandparents) and they just pay the

maintenance costs until their death when they pass it on to their own grandchildren.16

Thus they do not have an intratemporal choice and they simply set cxi (a) = εxi (a) −
δhP

x
h (a)h

x
i (a) for a house of given (inherited) size hx

i (a) = hx
i (A).

This structure is of course highly stylized, but it allows to consider the empirically

16In fact, in the presence of population growth and with χ > 0 one has to assume that in addition
to the bequest of the grandparents also part of the newly created housing stock is transformed into this
dynastic category. For a more detailed account one could also model the transition between the different
categories of dwellings and dwellers. This, however, is beyond the scope of the present paper and is left
for future research.
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important group of outright owners in a straightforward and tractable manner. The

stylized assumption of completely passive outright owners who simply use and pass on

their inherited home is thereby meant to capture three observable phenomena. First,

a certain proportion of real estate is under the control of real estate trusts (fee tails,

entails, fideicommis etc.) that prohibits (or at least considerably restricts) heirs to sell

the inherited land. Second, a certain percentage of the population does not seem to be

willing to trade their home even if they were able to do so, for example because they feel

an obligation to a generation-old “family house” etc. Third, and probably most relevant,

in the real world the two groups of owners with mortgages and outright owners are not

separate entities but many households rather assume these roles in sequence. They start

of as mortgage-holders and turn into outright owners after having paid of their debts from

when on they simply stick to their home until death (“aging in place”) without viewing

it as a manageable asset. The assumed structure is meant to capture this constellation

in a tractable manner.

3.5.2 Intertemporal utility

For the benchmark specification I assume that the second and third stage are determined

by a warm-glow model similar to the version used in Piketty (2011).17 What is more,

I will focus on a specific variant of the model where households do not reckon with the

receipt of a bequest (or—equivalently—they cannot borrow against it.)

The intertemporal utility function is assumed to have the following form:

Ux
i (A) =

{∫ D

A
e−θ(a−A) (ux

i (a))
1−σ da∫ D

A
e−θ(a−A) da

} 1
1−σ

, (25)

where θ stands for the rate of time preference, 1
σ
> 0 for the intertemporal elasticity of

substitution and where the intratemporal utility ux
i (a) depends on cxi (a) and hx

i (a) as

shown in (24).18

17In fact, Piketty (2011) calls his model a “wealth-in-the-utility model”. Since in more recent years
this expression increasingly has been reserved for a slightly different class of model, I choose here the
name “warm-glow”.

18This specification implies that U measures the average period utility weighted with the discount
factor e−θ(a−A). This is irrelevant for the optimization but makes more sense for the intergenerational
context and is also necessary for the limiting case of σ → 1.
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3.5.3 Intergenerational utility

Households who are only guided by utility function (25) will exclusively save for live

cycle reasons, i.e., in order to smooth consumption over time. There exist, however,

also a number of other, arguably equally important savings motives. A crucial motive,

e.g., is people’s intention to leave a bequest to their survivors. In order to consider this

motive I extend the basic framework in a straightforward manner by using the warm-glow

specification introduced by Piketty (2010). In particular, I assume that each household

maximizes an intergenerational utility function of the form:

V x
i (A) = (1− sjB) log (U

x
i (A)) + sjB log

(
e−θ(D−A)wx

i (D)
)
. (26)

Overall utility thus depends on the average utility of own (housing and non-housing)

consumption Ux
i (A) (as defined in (25)) and on level of wealth wx

i (D) that is available

at the moment of death at age D. Wealth might consist of financial wealth wx
Fi(D) and

also of the value of an owner-occupied house wx
Hi(D) which is still in the possession of the

deceased. The parameter sjB stands for the strength of the bequest motive and it might

be group-specific. As noted by Piketty (2010) one could also give other reasons for the

relevance of end-of-life wealth for overall utility. It might, e.g., capture a precautionary

savings motive (in the presence of uninsurable shocks to income or health) or it might be

related to direct utility from social status or power that goes hand-in-hand with a high

level of wealth. For the sake of simplicity I again assume (as for the income inequality

parameter djy) that the strength of this motive is the same for the bottom 99%, i.e.

srB = somB = sooB = sB.

4 Solution

4.1 Household values

As in the previous section I will discuss the solution of the warm-glow model without

explicitly differentiating between the four groups and continue to use the superscript “x”

instead of “j, x”. This is possible since due to a number of assumptions the optimal choice

is basically identical for all four groups. I will only turn to the heterogeneities when there

are important exceptions.

The solution to the model can be derived in a number of steps that are spelled out

in appendix A.3. The intertemporal and intergenerational utility functions determine the
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path of expenditures which are given by:

εxi (a) =

(1− τ)yx
Li(A)(1− sjL)e

gε(a−A) for a ∈ [A, I[

(1− τ)yx
Li(A)(1− sjL)e

gε(a−A) + (1− s̆jB)b
x
Fie

gε(a−I) for a ∈ [I,D]
(27)

where

gε =
r − θ

σ
+ γ

σ − 1

σ
g̃ (28)

is the optimally chosen expenditure growth rate while the coefficients sjL and s̆jB denote

the savings rates out of net labor income (1 − τ)yx
Li(A) and out of the bequest bxFi,

respectively. Their explicit formulas are given in appendix A.3.19 Note that the interest

rate r in expression (28) refers to the average interest rate that the households receive

from the financial funds that aggregate all available financial assets of the economy (see

equation (17)).

In the next step one can derive the equilibrium value for the financial bequest bxFi. This

is determined by two equations. On the one hand by the intergenerational utility function

that implies that households plan to bequest a share sjB of their lifetime resources and

their terminal wealth level wx
Fi(D) will thus be a function of their lifetime labor income

ỹxLi = (1− τy)
∫ D

A
yxLi(a)e

−r(a−A) da and of the bequest bxFi they have received themselves.

On the other hand, along a stationary equilibrium this end-of-life wealth wx
Fi(D) has to

correspond to the per descendant bequest level of the cohort born in period x+ (D− I),

i.e.:

wx
Fi(D) = b

x+(D−I)
Fi

Nx+(D−I)

Nx
= b

x+(D−I)
Fi en(D−I). (29)

Equating the last two equations one can thus derive (for details see appendix A.3.2) the

equilibrium bequest level as:

bxFi = sjB
e(r−g)(D−A)eg(I−A)

en(D−I) − sjBe
(r−g)(D−I)

ỹxLi. (30)

In a final step one can then use the expenditure levels εxi (a) in (27) together with the

19For the benchmark calibration I will assume that the preference parameters θ and σ adjust such
that the expenditure growth rate follows the productivity growth rate, i.e. gε = g. This is also suggested
by Piketty (2010) and there exist a number of reasons why this seems like a reasonable assumption.
Furthermore, for the benchmark calibration I will also assume that χ = 1 such that gε = g̃ = g. In
fact, for the case of outright owners equation (27) only represents a dynamic optimum if this condition
gε = g̃ = g is fulfilled. For numerical examples that deviate from this condition I will assume, however,
that also the outright owners determine their path of expenditures εxi (a) according to equation (27).
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bequest level bxFi in (30) to derive an explicit expression for the path of wealth wx
Fi(a) =

wx
Li(a)+wx

Bi(a) over the lifecycle a ∈ [A,D] of household i where wx
Li(a) and wx

Bi(a) refer

to the labor-income and bequest-related parts of households financial wealth wx
Fi(a).

4.2 Aggregate values

4.2.1 Aggregate household wealth

In order to derive the aggregate values, one has again to explicitly deal with the four

heterogeneous groups. The aggregate supply of financial wealth (or the aggregate demand

for financial assets) is defined as W s
F t =

∑
j W

j,s
F t where W j,s

F t =
∫ D

A
wj

F t(a)N
j
t (a) da with

equivalent definitions for the labor-income and bequest-related parts of wealth W j,s
Lt , W

j,s
Bt ,

respectively. In appendix A.3 I show how one can use various transformation to wj
Lt(a)

and wj
Bt(a) to solve for the equilibrium level of aggregate wealth supply in closed form.

In particular, using the definitions β̃j,N
Ft =

W j,s
Ft

YNt
, β̃j,N

Lt =
W j,s

Lt

YNt
and β̃j,N

Bt =
W j,s

Bt

YNt
the steady

state wealth supply schedule can be expressed as:

β̃j,N
F = β̃j,N

L + β̃j,N
B . (31)

The entire (rather lengthy) expressions for β̃j,N
L and β̃j,N

B are stated in equations (83) and

(84) in appendix A.3. The schedule of aggregate financial wealth supply is then given

by:20

β̃N
F =

∑
j

β̃j,N
F = β̃r,N

F + β̃om,N
F + β̃oo,N

F + β̃w,N
F . (32)

Note that total household wealth also includes the value of the inherited houses of the

direct owners, i.e. β̃N = β̃N
F + β̃N

H = β̃N
F + βoo,N

Ho + βw,N
Ho . The value β̃N

H is relevant when

evaluating total household wealth, but it does not play a role for the determination of the

equilibrium interest rate r.21

20The expression for β̃N
F can be simplified for some special assumptions. In the absence of population

growth (n = 0), of a PAYG pension system (ρ = 0), of income taxes (τy = 0) and of a bequest motive

(sjB = 0) and assuming in addition that the interest rate equals the growth rate (r = g and gε = g)
the model reduces to the structure of the “consumption loan economy” of Modigliani (1986). In this

case the pattern of wealth follows the famous “triangle” and the wealth-to-income-ratio reduces to β̃N
F =

(1− α)D−R
2 .

21A different way to see this is that when equating total asset supply and total asset demand the term
for the value of the directly owned housing stock simply cancels on both sides of the equation.
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4.2.2 Aggregate savings

One can also use the model to derive additional aggregate values that are informative to

compare to the empirical counterparts. Aggregate savings are defined as the difference

between total income Yt = GDPt and total expenditures Et, i.e.:

St = Yt − Et (33)

where Et =
∑

j E
j
t and E j

t =
∫ D

A
εjt(a)N

j
t (a) da. For the model of section 4 aggregate

expenditures for group j can be calculated as (see appendix A.6):

E j
t = κj

Nd
j
yYNt(1− α)(1− τ)

e−n(D−R)n

en(R−A) − 1
× (34)

(1− sjL)
(
en(D−A) − e(gε−g)(D−A)

)
+ (1− s̃jB)

(
en(D−I) − e(gε−g)(D−I)

)
n+ g − gε

,

where (1− sjL) and (1− s̃jB) are defined in appendix A.3.

Using aggregate savings St, the gross savings rate is defined as:

s =
St

GDPt

. (35)

Since these definitions use the Haig-Simmons income concept, the measure of savings St

thus includes also all savings from capital gains Ṗ r
htH

r

t + Ṗ o
htH

o

t .

Empirical measures of the savings rate often use different income concepts by excluding

certain income components. In appendix A.6 I show, e.g., that the net-savings rate snet,

e.g., is given by:

snet = 1− (1− s)
GDPt

NDPt

. (36)

If depreciations amount to 10% of GDP then a gross savings rate of 30% (25%) corre-

sponds to a net savings rate of 22% (17%). For an overall depreciation rate of 15% (which

is closer to the data for OECD countries) the corresponding values are 18% (12%) for

gross savings rate of 30% (25%).

Published savings rates typically exclude capital gains both in the numerator (the

definition of savings) and the denominator (the definition of national income). One can

thus also define a “national-account gross savings rate” sNA based on the traditional
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income concept GDPNA
t from equation (9) as:

sNA = 1− GDPt

GDPNA
t

(1− s) . (37)

4.2.3 Equilibrium house prices

The equilibrium house price for the rented market is determined by group “r” (the

renters) while the price for the owner-occupied market depends on the behavior of group

“om” (the owners with a mortgage). The housing demand of the outright owners is

pre-determined and they do not participate in the market. Average age-specific hous-

ing demand for segments j ∈ {r, om} is given by hj
t(a) =

∫
i
hj
ti(a) di and aggregate

housing demand by H̃j
t =

∫ D

A
hj
t(a)N

j
t (a) da. The age-specific levels of housing demand

have been derived in section 3.5.1 as hr
t (a) = γ εt(a)

P r
st

and hom
t (a) = γ εt(a)

P o
st
. Therefore

aggregate housing demand can be written as H̃r
t = γ

P r
st

∫ D

A
εrt (a)N

r
t (a) da = γ

P r
st
Er
t and

H̃om
t = γ

P o
st

∫ D

A
εomt (a)N om

t (a) da = γ
P o
st
Eom
t . The housing market is in equilibrium when

aggregate demand equals aggregate supply (see (21)), i.e. H̃r
t = H

r

t and H̃om
t = H

om

t .

The equilibrium rents thus comes out as:

P r
st =

γ

H
r

t

Er
t , P

o
st =

γ

H
om

t

Eom
t .

One can use the expression for E j
t in (34) to write the house prices in terms of the

parameters of the model. The resulting formulas are shown in appendix A.6. I also show

there that due to the assumptions that dry = domy = dy and srB = somB = sB it holds that
Er
t

Eom
t

=
κr
N

κom
N

and thus:

P r
st

P o
st

=
κr
N

κom
N

H
om

t

H
r

t

=
κr
N

κom
N

κom
H

κr
H

, (38)

where I use the definitions H
r

t = κr
HH t and H

om

t = κom
H H t from (3). It is reasonable

to assume that in the long-run the supply of the rented and the owner-occupied housing

stock will adjust such that households are indifferent between renting and owning. One

can insert the optimal solutions into the utility functions and show that lifetime utility

for renters and owner-occupiers will be the same for
P r
st

ηr
=

P o
st

ηo
or:

P r
st

P o
st

=
ηr

ηo
. (39)
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Equations (38), (39) and (κr
H + κom

H + κod
H ) = 1 can be used to calculate the equilibrium

share of the supply for rented and owner-occupied housing for a given share κod
H = κoo

H +κw
H

of directly owned houses:

κr
H =

κr
Nη

o

κr
Nη

o + κom
N ηr

(1− (κoo
H + κw

H)) ,

κom
H =

κom
N ηr

κr
Nη

o + κom
N ηr

(1− (κoo
H + κw

H)) . (40)

4.2.4 Equilibrium interest rates

One can now proceed to derive the equilibrium interest rate of the economy. It is the

interest r∗ that clears the market for financial assets. The supply of financial assets

(or equivalently the schedule for wealth demand) has been specified in section 2.4 as

W d
Ft = WKt +WHrt +WMt +WDt while the demand for financial assets (or equivalently

the schedule for wealth supply) was derived above as W s
F t = W s

Lt +W s
Bt. Dividing these

expressions by YNt one can also express them in terms of wealth-to-income ratios as:

βN
F = βN

K + βN
Hr + βN

M + βN
D = β̃N

L + β̃N
B = β̃N

F . (41)

The formulas for βN
K = α

rk+δk
, βN

Hr =
P r
stH

r
t

YNt

1
rh+δh−g̃

and βN
M =

P o
stH

om
t

YNt

1
rm+δh−g̃

have already

been stated in section 2.4. One can now use the equilibrium rents P r
st and P o

st (see (88)

and (89)) to derive an expression that only depends on the interest rates rh and rm. As

far as the wealth-ratio of government bonds βN
D is concerned I simply assume that it stays

constant over time with the tax income rate τy adjusting such as to balance the interest

payments.22 The expressions for the wealth-supply ratios β̃N
L and β̃N

B (see appendix A.3)

only depend on the average interest rate r which is provided by the financial funds that

hold all financial assets of the economy. The equilibrium of the model is thus given by

the solution to equation (41) together with the definition of the average interest rate r in

equation (17). These two equations can be solved for the equilibrium levels of rk and r

while the other interest rates are then given by rh = rk−ξh, rm = rk−ξm and rd = rk−ξd

(see (7)).

22In particular, the dynamic equation for government debt is given by Ḋt = rdDt − τyYLt. Using

the relation that Dt =
βN
D

1−αYLt and the assumption that β̇N
D = 0 the equation can be rewritten as

ẎLt
βN
D

1−α = rd
βN
D

1−αYLt − τyYLt. Noting that ẎLt

YLt
= g + n this implies that τy =

βN
D

1−α (rd − (g + n)).
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5 Numerical results

The problem stated in (41) cannot be solved in closed form for the general case and in

the following I resort to numerical solutions of calibrated models.

I follow Summers & Rachel (2019) and Platzer & Peruffo (2022) and look at steady-

state comparisons between an “initial period” that corresponds to the period 1975-1980

before the decline in real interest rates has started and a “current period” that is meant

to reflect the time around 2018 before the outbreak of the recent “polycrisis”.

5.1 Calibration

The parameter values are based on data from the World Bank and the OECD referring

to the group of advanced countries. In particular, for the initial period I use the following

calibration: g = 3%, n = 1%, A = 20, R = 65, D = 75, ρ = 70% and βN
D = 20%.

The parameters related to the production side are set to the standard values α = 0.33,

δk = 10%, γ = 0.17 and δh = 2.5%. Furthermore, I assume that government debt amounts

to 20% of normal output (βN
D = 20%). In appendix C the data source and the rationale

behind this calibration is discussed in more detail. As far as the intertemporal preference

parameters θ and σ are concerned I follow the example of Piketty (2010) and assume

that they are determined in such a way that the expenditure growth rate follows the

productivity growth rate, i.e. gε = g. As argued by Piketty (2010) there exist theoretical

and empirical reasons why this is a reasonable assumption. In appendix D I report how the

results change if one deviates from this assumption (e.g. by using a standard calibration

with θ = 0.02 and σ = 2).

The benchmark model is based on four groups of households as described above. Below

I will show that this model is capable to match a number of stylized facts which is not

true for models that are based on a less-detailed structure of dwellers. For the sake of

comparisons, however, I will often also report the results for different assumptions, e.g.

for a three group model (without outright owners, κoo
N = 0), a two group model (without

owners, κom
N = κoo

N = 0) or the model without housing (γ = 0). The heterogeneous

structure can be used to capture and calibrate a number of distributional aspects of the

the real-world data. First, I assume that the labor income of the top 1% is higher than

the one of the bottom 99% (dwy = 3). Second, the bequest motives of the bottom 99%

(sB) and the top 1% (swB) can be determined in a way such as to target three empirically

observed magnitudes—the wealth-to-income ratio β, the share of the wealth of the top 1%
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and the average inheritance flow by (for the definition of by see appendix A.6). I decided

to target a value of β = 350% and a top 1% wealth share of 28% while the inheritance

flow by was left to be determined by the calibrated model. The choice for the top 1%

share follows from the data reported in Alvaredo et al. (2018) while the target values for

β follow from data in Piketty & Zucman (2014) and Bauluz et al. (2022) which will be

discussed in the next section. Altogether, this leads to a parameter choice of sB = 0.0089

and swB = 0.093.23

Finally, one has to find a reasonable calibration for the size of the four groups of

dwellers and the relative share of the housing stock that is under their control. I assume

that in the initial situation there is an equal share of renters and owners where for the

latter category there is itself an equal split in self-buying owners and outright owners (i.e.

κr
N = 50%, κom

N = 25%, κoo
N = 24%, κw

N = 1%).24 The size of the housing stock available for

renters (κr
H) and self-buying owners with mortgages (κom

H ) adjusts according to expression

(40) such as to make households indifferent between the two types of dwellings. For these

calculations I assume that the utility from owner-occupied houses is 20% higher than for

rented houses (ηr = 1, ηo = 1.2). For the stock of outrightly owned housing I assume

that they are equal to the population size in the initial situation (κoo
H = 24%, κw

H = 1%).

Finally, for the risk discounts I assume ξd = 5%, ξm = 2% and ξh = 0% (see appendix C

for the rationale behind this calibration).

5.2 Steady-state comparisons

The equilibrium interest rate is given by the value that solves equation (41), i.e. that equi-

librates wealth supply by households and wealth demand by investors. This is illustrated

in Figure (1)—in panel (a) for the commonly used case without housing and in panel (b)

for the novel case with housing. For the sake of clarity, I abstract from risk discounts

in this picture (ξh = ξm = ξd = 0). As can be seen, wealth supply β is increasing in

r while both components of wealth demand—capital demand and housing demand—are

decreasing in r (at least over the relevant range).

23I thus assume that individuals only differ in their intergenerational bequest motive. Alternatively
one could also assume that individuals have nonhomothetic preferences that lead to higher savings rates
for households with higher permanent income or higher wealth (see e.g. Platzer & Peruffo 2022). Note,
however, that in my framework a higher value for the bequest motive sjB will also be reflected in higher

savings rate out of labor income sjL and out of the received bequest s̆jB (see equations (68) and (75) in
appendix A.3).

24Data on this issue that cover differ countries and different time periods are sparse. In appendix C.2
I discuss the available evidence and how it was used to inform the calibration of the model.
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Figure 1: The figures shows the supply of financial wealth β̃F and the demand for finan-
cial wealth βF which is βK in panel (a) and βK + βHr + βM + βD in panel (b). For both
figures: g = 3%, n = 1%, A = 20, R = 65, D = 75, ρ = 70%, α = 0.33, δk = 10%,
sB = 0.0089 and swB = 0.093, dwy = 3, βN

D = 20%, ξd = ξh = ξm = 0% and in addition

(for panel b) δh = 2.5%, γ = 0.17, ηo = 1.2 and κj
N and κj

H as stated in the text. The
equilibrium is: r = 8.2%, β = 248% (for γ = 0) and r = 9.7%, β = 346% (for γ = 0.17).

The equilibrium values for the two cases (now again with ξm = 2% and ξd = 5%) come

out as:

With housing: r = 9.64%, β = 350%, βH/β = 46%, (42)

Without housing: r = 8.43%, β = 238%, βH/β = 0%.

(43)

The existence of housing provides another investment vehicle for the supply of savings

by households. This leads to lower investments into the capital stock and drives up the

equilibrium interest rate from 8.4% to 9.6%. On the other hand, however, housing wealth

turns out to be an important asset with a portfolio share of βH/β = 46% such that total

wealth is still higher for the case with γ = 0.17 (β = 350%) than for the case with γ = 0

(β = 238%).

In a next step one can look at the effect of changes in the crucial parameters. In

particular, these parameters are now set to values that reflect the average conditions in

the group of advanced countries around 2018. Using again data from the World Bank and

the OECD I now take the following calibration: g = 1.8%, n = 0.5%, D = 82, R = 63 and
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ρ = 60%. For government debt I follow Summers & Rachel (2019) and assume an increase

from βN
D = 20% to βN

D = 70%. As far as the parameter dwy is concerned, Garbinti et al.

(2020) report a constant development of the labor income share of the top 1% in France

but an increase by about 50% for total income and I thus use dwy = 4.5. The bequest

motive of the top 1% is assumed to increase to swB = 0.207 such that the share of the

top 1% in total wealth increase from 28% to 35% as reported in Alvaredo et al. (2018).

For the share of dwellers and dwellings I assume that the share of renters (mortgage-

owners) decreases (increases) by 10 pp while the share of outright owners stays constant

(i.e. κr
N = 40%, κom

N = 35%, κoo
N = 24%, κw

N = 1%). I assume, however, that the stock

of housing controlled by the outright owners increases by 65% for the current situation

(κoo
H = 40%, κw

H = 1.65%). The latter development is in particular meant to capture the

increasing size of baby-boomer households who have paid of their mortgages and are now

outrightly owning a larger share of the existing housing stock. For a discussion of the

rationale behind this calibration see appendix C.2. Finally, the risk discount of mortgages

is assumed to increase to ξm = 3%.

Table 1 shows the comparison of the initial and the current steady state for the bench-

mark model. The model implies a decrease in the neutral interest rate by almost 4 pp

(from 9.6% to 5.7%) and an increase in the wealth-to-income ratio by almost 250 pp (from

350% to 599%). These results are quite well aligned with the empirical data. In particular,

starting with the interest rate levels one can note that Jordà et al. (2019) report a global

(weighted) average real return on risky assets (equity and housing) of 7.88% (1950-1980)

and 6.66% (post-1980). This is somewhat lower than the model-based average interest

rate of 7.7% (taking the average of “initial” and “today”). The derived decrease in the

interest rate of 4 pp, however, conforms well to the empirical estimations (and is even

somewhat larger than the standard estimates quoted in the introduction). As far as the

wealth-to-income ratios are concerned, the related literature has documented an average

increase from around 300%-350% to around 500-550%.25 The initial wealth-to-income

ratio of β = 350% was targeted by my calibration The implied change of the ratio of 250

pp is very much in line with the observed magnitudes (of around 200-250 pp).

Finally, one can look at the share of housing in domestic wealth. The data have

documented an increase from around 36% (1970) to 53% (2015).26 The outcome of the

25The most recent data from Bauluz et al. (2022) report an increase in the domestic capital to national
income ratio from 1980 to 2018 of 301% to 495% for the US and 301% to 578% for Europe. Referring to
a slightly different time interval (1970-2010), Piketty & Zucman (2014), report an increase from 400% to
470% for the US, 305% to 377% for Germany and 359% to 548% for the UK.

26These figures correspond to the country-averages in Piketty & Zucman (2014) and Alvaredo et al.
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Table 1: A steady-state comparison between the initial and the current situation

Nr. Case r β βH

β

P r
stH

r
t

YNt

P o
stH

o
t

YNt

Ṗ r
htH

r
t

YNt

Ṗ o
htH

o
t

YNt

NDPt

YNt

Four groups
1 Initial 9.64% 350% 46% 7% 7% 2% 3% 98%
2 Today 5.69% 599% 54% 5% 12% 1% 4% 95%

3 Lower g 8.52% 370% 45% 7% 7% 1% 2% 95%
4 Lower n 9.25% 363% 47% 7% 7% 2% 3% 98%
5 Higher D 8.86% 376% 48% 7% 7% 2% 3% 97%
6 Lower R 9.57% 353% 46% 7% 7% 2% 3% 98%
7 Lower ρ 9.51% 354% 47% 7% 7% 2% 3% 98%
8 Higher debt 9.93% 375% 39% 7% 7% 2% 2% 99%
9 Higher inequality 7.74% 409% 48% 6% 6% 2% 3% 95%
10 Higher xm 9.66% 357% 48% 7% 7% 2% 3% 98%
11 Less renters 9.65% 349% 46% 5% 8% 2% 3% 98%
12 Higher κoo

H , κw
H 9.64% 387% 53% 7% 11% 2% 4% 102%

Note: The table shows the implications for various macroeconomic magnitudes when crucial pa-
rameters are changed. For the structural parameters I use: α = 1/3, γ = 0.17, δk = 10%, δh = 2.5%,
ηr = 1, ηo = 1.2, ξd = 5%, ξh = 0% and sB = 0.0089. The parameters θ and σ are assumed to
adjust such that gε = g. For the rest of the parameters I use for the initial state A = 20, R = 65,
D = 75, g = 3%, n = 1%, ρ = 70%, βN

D = 20%, dwy = 3, ξm = 2% and a bequest motive of the
top 1% of swB = 0.093. For the current situation these values change to R = 63, D = 82, g = 1.8%,

n = 0.5%, ρ = 60%, βN
D = 70%, dwy = 4.5, ξm = 3% and swB = 0.207. The size and change in κj

N

and κj
H are as described in the text. In line 2 all parameters are changed at the same time while

in lines 3 to 12 they are changed one at a time.
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model—a shift from 46% to 54%—is again broadly in line with the level and direction of

the observed data (even though the implied increase is somewhat lower than the empirical

trend). I will discuss below why the assumptions about the outright owners are crucial

in order to capture this dimension of the data.

In lines 3 to 12 of Table 1 I separate the contributions of the various factors. As one

can see, the increase in inequality (captured by the changes in swB and in dwy ) has the

largest effect on the equilibrium values followed by the decrease in the growth rate g, the

increase in life expectancy D and the decrease in n. The total effect is thereby due to

shifts of both the wealth supply and the wealth demand schedule. It is instructive to look

at a graphical illustration of this effect. Panel (a) of Figure 2 shows that the increase in

life expectancy mainly affects the wealth supply schedule and has only a tiny impact on

wealth demand (via the value of the housing stock that depends on aggregate demand).

This upward shift of the wealth supply curve increases equilibrium wealth while decreasing

the equilibrium interest rate. A similar picture emerges for a decrease in g although now

the effect on the wealth demand schedule is somewhat larger (although it still only works

via housing wealth). In general, one can say that the empirically observed pattern of

decreasing interest rates and increasing wealth ratios requires that the upward shift in

the wealth supply schedule dominates a potential downward movement in wealth demand.

Table 1 also reports the results for the various components of national income. In

particular, the share of actual and of imputed rents (both as a ratio of non-housing

output YNt) come out as around 7% each (
P r
stH

r
t

YNt
= 6.6%,

P o
stH

o
t

YNt
= 7.1%) and the share

of capital gains on the rented and the owned stock as
Ṗ r
htH

r
t

YNt
= 2% and

Ṗ o
htH

o
t

YNt
= 2.7%,

respectively. The total depreciation of physical capital and the housing stock, on the

other hand, amount to (not shown): δkβ
N
K = 16.4%, δhβ

N
H = 3.9%.27 Therefore the ratio

of GDPt to YNt is given by: 1 + 0.137 + 0.047 = 1.184 while the ratio of NDPt to YNt is:

1.184− 0.164− 0.039 = 0.98 which implies that NDPt/GDPt = 0.828.

(2018). There exist, however, considerable differences between countries both for the level and for the
changes where the share moved from 36% to 40% for the US, from 27% to 55% for the UK and from 42%
to 64% for Germany.

27Expressed as a share of GDP this amounts to 13.9% and 3.4%, respectively. Empirical data show
that capital depreciation amounts to values between 11% (France, US) and 19% (Japan) of GDP with
an average of around 14%. This is in line with the calibration of the model.
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Figure 2: The figures show the effect of changes in life expectancy from D = 75 to D =
82 (panel (a)) and in the growth rate from g = 3% to 1.8% (panel (b)) on the wealth

supply schedule β̃F and the wealth demand schedule βF = βK + βHr + βM + βD. The
rest of the parameters are like in Table 1.

5.3 Additional variables

The model has also implications for a number of additional magnitudes that can be com-

pared to their real-world counterparts in order to assess the plausibility of the benchmark

model and the differences to the competing models. These additional variables are the in-

terest rate spread, the capital-to-income ratio, the mortgage volume, the aggregate savings

rates, the capital gain savings and the inheritance flows. Table 2 reports the implications

of the different models for these empirical regularities. Beside Models 1 to 3, the table

now also reports as a comparison the results for two cases without housing. Model 4 uses

the same strength of the bequest model as the two-group model with housing (Model 3)

while Model 5 uses a calibration for sB and swB that targets an initial wealth-to-income

ratio of 350% and a top 1% wealth share that increases from 28% to 35%.

� Interest rates spreads: As a first observation one can note that the benchmark model

implies interest rate differentials that are well aligned with the empirically observed

patterns. Although this is mostly due to the exogenously assumed risk premia it is

nevertheless noteworthy since it gives the model a realistic foundation. In particular,

the current equilibrium in line 2 of Table 2 has rk = rh = 7.2%, rm = 4.2%,

rd = 2.2% which looks reasonable. Furthermore, the average rate of return on

housing is a weighted average of the rate of return on residential investments rh and

on owner-occupied housing rm. It decreases from the initial to the current period
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Table 2: Savings rates and inheritance flows in various models

Nr. Case r β βH

β
s snet sNA sNA,net bFy by

Model 1: Four groups
1 Initial 9.64% 350% 46% 29.9% 15.3% 28.2% 12.9% 5.9% 6.6%
2 Today 5.69% 599% 54% 33.9% 15.1% 31.4% 11.% 7.1% 9.2%

Model 2: Three groups (no outright owners, κoo
N = 0)

3 Initial 9.43% 350% 46% 28.2% 13.3% 26.6% 10.9% 6.9% 6.9%
4 Today 6.52% 480% 44% 27.4% 9.4% 25.8% 7.% 8.3% 8.3%

Model 3: Two groups (no owners, κoo
N = κom

N = 0)
5 Initial 9.27% 350% 44% 28.5% 13.3% 28.5% 13.2% 6.8% 6.8%
6 Today 6.19% 476% 40% 28.% 9.3% 27.9% 9.2% 7.9% 7.9%

Model 4: Two groups (no housing, γ = 0; sB = 0.0128 and swB = 0.1049)
7 Initial 7.68% 249% 0% 25.7% 9.% 25.7% 9.% 3.9% 3.9%
8 Today 4.04% 369% 0% 26.9% 6.4% 26.9% 6.4% 3.1% 3.1%

Model 5: Two groups (no housing, γ = 0; sB = 0.0454 and swB = 0.597)
9 Initial 3.26% 350% 0% 34.2% 12.9% 34.2% 12.9.% 4.2% 4.2%
10 Today -1.32% 647% 0% 43.1% 12.4% 43.1% 12.4% 5.5% 5.5%

Note: See Table 3. The last four lines now contain the results for two models without housing. The
first is based on the same bequest motives as Model 3 (sB = 0.0128 and swB = 0.1049 (swB = 0.153))
while the second model use a calibration that targets an initial wealth-to-income ratio of 350% and
a top 1% wealth share that increases from 28% to 35%. This implies sB = 0.0454 and swB = 0.597
(swB = 1.45).

31



by 4.3 pp (from 9.1% to 4.8%) while the spread to rk increase from 1.1 pp to 2.4 pp

which is larger than the assumed increase in ξm. This effect is due to the increase in

the share of mortgage lending which decreases the average return on housing. This

is in line with the results in Jordà et al. (2019) who report the return on equity

and housing as 8.2% and 6.4%, respectively, for the post-1950 period and 9.1% and

5.5%, respectively, for the post-1980 period. Although these data involve different

periods then the ones underlying Table 3 they document a comparable trend in the

spread between investments in equity and in housing.

The model without housing has difficulties to match the levels and patterns of

interest rates. If one calibrates the bequest motives in a way as to target β = 350%

(see line 9) then this implies a low interest rate of r = 3.3% with an only slightly

higher return of equity of rk = 3.6% and a government bond rate of rd = −2.6%.

This is further reduced to negative territory for the current situation with r =

−1.3%, rk = −0.5% and rd = −5.5%. These values seem implausibly low and are

not in line with the empirical data.

� Mortgage volume: Related to the first point, the benchmark model involves an

increase in the share of total mortgages to GDP from 36% to 74%, i.e. an increase

by 38 pp (not shown). This is in line with the data from Jordà et al. (2016) who have

reported that mortgages increased sharply over the last century—from about 20%

of GDP at the beginning of the 20th century to about 70% today with a particularly

large increase since the 1970ies. If one would abstract from outright owners (see

Model 2) then this three group model is associated with an increase in the share of

mortgages from 73% to 114% which does not conform to the empirical data.

� Capital-to-income ratio: Due to the existence of housing there is a disconnect be-

tween the development of the wealth-to-income and the capital-to-income ratios in

all models that include housing. While the former increases considerably (by 250

pp) the latter undergoes only a slight movement from 168% to 204% (not shown).

This is in line with the data in Piketty & Zucman (2014), Bonnet et al. (2014),

Bonnet et al. (2021) that also report an average capital-income ratio around 200%

which barely moves over time.

For the models without housing, on the other hand, wealth and capital are almost

identical (the difference being the stock of government debt). For Model 5, e.g., the

capital-to-income ratio increases by more than 200 pp (from 324% to 539%).
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� Aggregate savings rate: Table 2 reports the development of aggregate savings rates

between the two points in time. At first sight, the increase in the gross savings rate

from 29.9% to 33.9% seems larger than could be observed in the data. For example,

in a similar calibration exercise based on the Solow model, Mankiw (2022) uses an

increase in the gross savings rate from 22% to 25%.28 One has to take into account,

however, that these official savings rates exclude the capital gains. If one subtracts

Ṗ r
htH

r

t and Ṗ r
htH

o

t in both the numerator and the denominator of the savings rate one

gets a “national-account gross savings rate” (see (37)) of sNA = 28.2% in the initial

and sNA = 31.4% in the current situation. This is still larger than the observed

magnitudes but at least closer to the range of empirically observed data. For the

net savings rate according to the traditional concept the results even indicate a

decrease. Model 5 without housing involves an unreasonable level and increase in

the gross savings rates (from 34.2% to 43.1%).

� Inheritance flow: Finally, one can also look at the inheritance flows (the ratio of

annual bequests to national income). The flow of financial bequests comes out as

bFy = 5.9% in the initial situation. There do not seem to exist reliable data on the

inheritance flows among the group of advanced countries. Alvaredo et al. (2017)

report a value of around 7% for France, UK and Germany in the 1980ies which is

thus slightly above the implied value of the model. For the four group model it

is, however, important to note that there are now two kinds of inheritances: the

financial bequests BFt and the bequest of the housing stock of the outright owners

BHt. As shown in appendix A.6.3 the latter element can be simply calculated as

the product of the value of this part of the housing wealth and the mortality rate.

As can be seen in the last column of Table 2 this increases the implied inheritance

flow from 5.9% to 6.6% which is closer to the observed magnitudes. In the steady-

state comparison this total flow is predicted to increase from 6.6% to 9.2%. This

increase is somewhat below the observed data for the above-mentioned subsample of

countries where the shift is reported from around 7% to around 11%. In comparison

to the results of the other models, the implications of Model 1 are, however, most

closely aligned with the empirical pattern.

� Capital gain saving: Finally, one can point to a stylized fact that has been recently

uncovered based on administrative data from the Norwegian wealth register. In

28In particular, the rate used by Mankiw (2022) is based on Worldbank data and refers to the global
gross savings rates during the first half and the second half of the period from 1975-2022, respectively.
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particular, Fagereng et al. (2019) show that the saving rates net of capital gains are

approximately flat across the wealth distribution while the saving rates including

capital gains increase systematically with wealth. The authors explain this stylized

fact by noting that “wealthier households own assets that experience capital gains

which they hold on to instead of selling them off to consume”. This stylized fact

is also present in the framework of my model once it is assumed that the size of

the houses inherited by outright owners is uncorrelated with the level of permanent

income yLti.

5.4 The role of owners and renters

A crucial ingredient of the benchmark model and the reason why it aligns quite well with

a number of empirical facts is the assumption that the group of owners consists of two

subgroups and that the housing stock under the control of outright owners has increased

over time. This can be seen by looking at Table 3. Model 1 corresponds to the benchmark

case of Table 1 while Model 2 refers to the case where one abstracts from outright owners

and assumes instead that all owners are financing their home purchases with mortgages.

The level and the decrease in the interest rate is similar to the benchmark case but the

model now has problems to match the empirical data along two dimensions. First, the

resulting increase in the wealth-to-income ratio is considerably smaller than before (130

pp vs. 250 pp ) and second, the model now implies a counterfactual decrease in the share

of housing wealth (from 46% to 44%) instead of an increase as in the benchmark model. A

very similar conclusion emerges if one neglects owners altogether and focuses on a model

with only two groups (renters and the top 1%) as shown in Model 3 of Table 3.

In order to understand the reason behind this crucial result it is best to start with the

case that abstracts from outright owners. Using equations (14) to (16) the housing-to-

capital ratio can be written as:

βH

βK

=

1
YNt

(
P r
stH

r
t

rh+δh−g̃
+

P o
stH

om
t

rm+δh−g̃

)
α

rk+δk

.

The first thing to note is that the share of expenditures on rental (
P r
stH

r
t

YNt
) and owned

houses (
P o
stH

om
t

YNt
) typically does not react much to changes in the economic structure. In

particular, if there are shifts in the housing stock H
r

t (H
om

t ) then P r
st (P

om
st ) will simply

adjust such as to leave the total expenditure shares basically unchanged. But even for
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Table 3: The results for various assumptions about the housing market

Nr. Case r β βH

β

P r
stH

r
t

YNt

P o
stH

o
t

YNt

Ṗ r
htH

r
t

YNt

Ṗ o
htH

o
t

YNt

NDPt

YNt

Model 1: Four groups
1 Initial 9.64% 350% 46% 7% 7% 2% 3% 98%
2 Today 5.69% 599% 54% 5% 12% 1% 4% 95%

Model 2: Three groups (no outright owners, κoo
N = 0)

3 Initial 9.43% 350% 46% 7% 7% 2% 3% 98%
4 Today 6.52% 480% 44% 5% 8% 1% 2% 94%

Model 3: Two groups (no owners, κoo
N = κom

N = 0)
5 Initial 9.27% 350% 44% 13% 0% 4% 0% 97%
6 Today 6.19% 476% 40% 13% 0% 3% 0% 92%

Note: The table shows the results for different assumptions about the housing market.
Lines 1 and 2 contain the benchmark results from Table 1. The parameter values are
the same as there. In Model 2 there are no outright owners (κoo

N = 0) except for the top
1%. The bequest motive is adjusted such as to target β = 350% and a wealth share of
28% (35%) for the top 1% in the initial (current) situation. This implies sB = 0.0122
and swB = 0.1 (swB = 0.138). For Model 3 there are only renters (except among the top
1%) and the calibration uses sB = 0.0128 and swB = 0.1049 (swB = 0.153).

constant expenditure shares there can be huge changes in the house prices P r
ht and P o

ht if

the interest rates rh and rm change. The effect on the ratio βH

βK
, however, will depend on

whether this impact on the house prices is weaker or stronger than the impact on α
rk+δk

.

In appendix B I use a stylized analytical example to show that under certain conditions

this boils down to the question whether the main force behind the decline in the interest

is a decrease in g or a decrease in n with βH

βK
= 0 for ġ

g
= ṅ

n
. This conclusion, however,

is different in the presence of outright owners. The outright owners do not adjust their

holdings of housing and for them an increase in P o
ht has a first-order effect on their housing

wealth. This mechanism is reflected in the large increase in the value of
P o
stH

o
t

YNt
(from 7% to

12%), of
Ṗ o
htH

o
t

YNt
(from 3% to 4%) and in particular in the share of housing wealth in total

wealth. The crucial role of outright owners is also reflected in the results of the lower part

of Table 1 where it appears that other changes in the housing arrangements (the decrease

in the share of renters and the change in the risk discount ξm) have by themselves only a

minor effect on the equilibrium interest rate and the equilibrium wealth-to-income ratio.

The expression for βH

βK
also suggests a number of other parameter changes that could

be invoked in order to cause a change in the share of housing wealth. These include ad-

justments in the non-housing sector (e.g., a smaller capital share α, a higher depreciation
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rate δk), the housing sector (e.g., a larger preference for housing γ, a slower increase in

housing supply χ, a lower depreciation rate δh, higher risk discounts ξm and ξh), and the

preference side (e.g., a higher degree of intertemporal substitution θ, a larger bequest

motive sB). In appendix D, I discuss a number of alternative specifications along these

lines and I explore whether they could be used to match the empirical data (in particular

the increasing share of housing wealth) without assuming a change in the role of outright

owners. I conclude that while some of these specifications lead to an increase in the share

of housing wealth, they typically exhibit deficits along other dimensions or require as-

sumptions incongruent with empirical observations. The only exception is a decrease in

δh which also aligns quite well with most empirical regularities and which could be inter-

preted as an increase in the attractiveness of homeownership (possibly due to changes in

the regulatory or tax environment).

5.5 Comparison to the related literature

It is also interesting to compare the results of this paper to the ones of the related lit-

erature, in particular to the papers by Summers & Rachel (2019) and Platzer & Peruffo

(2022). The former is based on a perpetual youth model that distinguishes—similar to

Gertler (1999)—between workers and retirees. The latter, on the other hand, also uses a

OLG model with workers and pensioners but in addition also assumes that agents differ

in their income processes and possibly also in their savings preferences. Both models,

however, also use steady-state comparisons to study the sources of the decline in interest

rates and they use a similar set of driving variables. In particular, Platzer & Peruffo

(2022) compare the steady state of the situation around 1975 with the situation around

2015 while Summers & Rachel (2019) look at the time span from 1970 to 2017. Both

papers include productivity growth, population growth, life expectancy and an increase

in inequality as potential factors behind the decline in the interest rate and they also

include the development of public debt.

Table 4 documents that despite the differences in the theoretical set-up and in the

empirical calibration of the three models29 they agree in the ranking (though not in the

precise numerical values) of the most important factors behind the decline in interest

29In particular, the models use different values to describe the initial and current state. Summers
& Rachel (2019) use, e.g., a change from g = 1.51% and n = 1.35% to g = 0.7% and n = 0.5% while
Platzer & Peruffo (2022) assume a drop from g = 1.5% and n = 1.92% to g = 0.7% and n = 1.15%.
Note, however, that the change in the total growth rate (g + n) is similar in both papers and given
by 1.71% and 1.57%, respectively, which is also close to my assumptions where the drop amounts to
(4%− 2.3%) = 1.7%.
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rates. The the rise in inequality, the slowdown in productivity growth and the increase in

life expectancy are seen as the main drivers followed by the decline in population growth.

Table 4: Decomposition of the Decline in the Neutral Real Interest Rate

Variable RS ’19 PP ’22 This paper This paper This paper
γ = 0 γ = 0.17 γ = 0.17

(2 Groups) (2 Groups) (4 Groups)

TFP growth (g) -1.8 -1.00 -1.01 -1.13 -1.12
Pop. growth (n) -0.6 -0.25 -0.43 -0.38 -0.39
Longer retirement (D) -1.1 -0.46 -1.1 -0.75 -0.78
Length of working life (R) -0.1 – -0.18 -0.07 -0.07
Replacement rate (ρ) – – -0.33 -0.12 -0.13
Inequality (swB and dwy ) -0.7 -0.70 -0.62 -0.71 -1.9
Public Debt (βN

D ) +3.6 +0.31 +0.77 +0.36 +0.29
Interactions -1.1 -0.06 -0.13 0.02 0.12
Other factors – 0.00 – – 0.03

Total -1.8 -2.16 -3.03 -2.78 -3.95

Note: The table summarizes the results in Summers & Rachel (2019) (RS’19, Table 7), Platzer
& Peruffo (2022) (PP’22, Table 5) and three version of the present paper (two groups with and
without housing and the four-group model of the last section). All values are in percentage points.
The category “public debt” for Summers & Rachel (2019) also includes the increase in implicit
government debt due to changes in Social Security and old-age health care. Increases in explicit
public debt alone amount to only +1.2 pp. In Platzer & Peruffo (2022) the category “other factors”
includes out-of-pocket medical expenses, changes in the labor share and exogenous government
spending. Their individual contributions are evaluated as −0.14 pp, +0.11 pp and +0.03 pp thus
summing up to zero. In the last column the category “other factors” refers to the changes in ξm and
in the share of renters and outright owners.

6 Conclusion

In this paper I presented a model of wealth accumulation that includes a housing sector.

Households’ preference for housing stock give rise to a positively valued housing stock

that can be used as an additional investment vehicle besides the usual stock of physical

capital. The benchmark model is based on a four-group. The bottom 99% are assumed

to differ from the top 1% in their level of lifetime income and in the strength of their

bequest motive. Furthermore it is assumed that the bottom 99% contain three groups

of dwellers: renters, owners with mortgages and outright owners who are assumed to

reside in houses that are passed on from generation to generation. When comparing the

steady state of the model calibrated to parameter values representing the situation around
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1980 with the steady state around 2018 the model is quite successful in reproducing the

important stylized facts. In particular, the model implies a decline in the equilibrium

interest rate of 4 pp, an increase in the wealth-to-income ratio of 250 pp and an increase

in the share of housing wealth by 8 pp. All of these results are close to the empirically

observed values. What is more, the extended model is also able to account for a wedge

between safe and risky interest rates, for an increase in the inheritance flows and for a

proliferation of mortgages. The paper ended with a discussion of why the assumption

about the behavior of outright owners is crucial for capturing these developments and

why models with a different housing structure (or no housing) fall short along a number

of dimensions.
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Appendices

A Details of the model

A.1 National accounting

As noted in section 2.3 total wealth and the various subaggregates of wealth demand and

wealth supply can be related to each of the income concepts YNt, GDPt and NDPt (and

also to GNPt and NNPt if one would include an open economy structure). The use of

one or the other income concept depends on its usefulness and/or tractability. In the

text I have shown the formulas for βN
t and βNDP

t , i.e. using the domestic production

(excluding housing services) YNt and the net domestic product NDPt, respectively. The

transformation between the various concepts is straightforward using appropriate multi-

plicative factors. These factors can also be applied to all different “partitions” of wealth.

For example:

βN
Kt =

Kt

YNt

, βN
Ht =

P r
htH

r

t + P o
htH

o

t

YNt

, βN
Dt =

Dt

YNt

, βN
Mt =

Mt

YNt

. (44)

If one wants to calculate the wealth-to-GDP-ratio then one has to take the definition

(10) into account GDPt = YNt + P r
stH

r

t + P o
stH

o

t + Ṗ r
htH

r

t + Ṗ o
htH

o

t . It thus holds for any

wealth concept x ∈ {K,H,Hr, Ho, D,M} that:

βGDP
xt = βN

xt

YNt

GDPt

= βN
xt

1

1 +
P r
stH

r
t

YNt
+

P o
stH

o
t

YNt
+

Ṗ r
htH

r
t

YNt
+

Ṗ o
htH

o
t

YNt

. (45)

Focusing on the net domestic product the parallel relation holds:

βNDP
xt ≡ βxt = βN

xt

YNt

NDPt

(46)

which has already been shown for βNDP
t = βt in section 2.3.

In equation (18) of the paper I state that in the steady state with rkt = rht = rmt = r

and βN
D = 0 the ratio of net domestic product to non-housing output can also be written
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as NDPt

YNt
= 1 + rβN − α = 1 + αβH

βK
− δkβ

N . This can be derived as follows:

NDPt
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Ṗ r
htH

r

t

YNt

+
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(47)

where the transformation follows from equations (4)
(
P r
st = P r

ht

(
rht + δh −

Ṗ r
ht

P r
ht

))
and (5)

(P o
st = P o

ht

(
rmt + δh −

Ṗ o
ht

P o
ht

)
) which imply that H

r

t

(
P r
st + Ṗ r

ht − δhP
r
ht

)
= rhtP

r
htH

r

t and

H
o

t

(
P o
st + Ṗ o

ht − δhP
o
ht

)
= rmtP

o
htH

o

t . In the next step one can use βN = βN
H + βN

K , where

βN
H =

P r
htH

r
t+P o

htH
o
t

YNt
and βN

K = Kt

YNt
. One can thus write:

NDPt

YNt

= 1 + r
P r
htH

r

t

YNt

+ r
P o
htH

o

t

YNt

− δkKt

YNt

= 1 + r
(
βN − βN

K

)
− δkβ

N
K = 1 + rβN − (r + δk)β

N
K

= 1 + rβN − α,

where I use the steady state condition rkt = rht = rmt = r together with rkt = αYNt

Kt
−δk =

α 1
βN
K
− δk from equation (2) which implies that (r + δk)β

N
K = α. Using r = α

βN
K
− δk the

expression above can also be written as:

NDPt

YNt

= 1 + rβN
H − δkβ

N
K = 1 + βN

H

(
α

βN
K

− δk

)
− δkβ

N
K

= 1 + α
βN
H

βN
K

− δk
(
βN
K + βN

H

)
= 1 + α

βH

βK

− δkβ
N ,

where in the last line I use
βN
H

βN
K

= βH

βK
since the income concept used in the denominator

drops out (and where βK = Kt

NDPt
, βH =

P r
htH

r
t+P o

htH
o
t

NDPt
).

A.2 Pension system

In section 3.3 of the paper I specify the equations for the PAYG pension system under

the assumption of no seniority wages (i.e. yLti(a) = yLti for a ∈ [A,R[). In this case one

can write the flows of the pension system in time period t in the form of equation (22).

Here I want to show the expression that is valid for a general wage profile where one has
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to use the cohort-specific formulation. In particular:

yxLi(a) = (1− τρ)y
x
Li(a) for a ∈ [A,R[

yxLi(a) = ρ(1− τρ)ιi yL,x+a for a ∈ [R,D], (48)

where yx
Li(a) stands for the pre-contribution labor income for member i of cohort x at

age a, yx
L(a) =

∫
i
y
x
Li(a) di stands for average pre-contribution labor income of cohort

x at age a and yLt ≡
∫R
A Nt−a

y
t−a
L (a) da∫R

A Nt−a(a) da
denotes average pre-contribution labor income per

adult worker at time t. The coefficient ιi is an individual proportionality parameter that is

defined as the fraction of individual i’s lifetime income to the average lifetime income of his

or her cohort, i.e. ιi =
∫R
A y

x
Li(a) da∫R

A y
x
L(a) da

.30 Note that for constant cohort sizes Nx = N average

labor income reduces to yLt =
∫R
A y

t−a
L (a) da

R−A
. In the paper I abstract from a seniority wage

structure and assume that in each period wages are identical across age groups. In this

case it holds that yt−a
Li (a) = yLti, y

t−a
L (a) = yLt and thus yLt = yLt for a ∈ [A,R[. In the

absence of seniority wages it also holds that the income position of types is constant over

the life-cycle, i.e. ιi =
∫R
A y

x
Li(a) da∫R

A y
x
L(a) da

=
y
x
Li(a)

y
x
L(a)

,∀a. One can then write old-age (augmented)

income as yxLi(a) = ρ(1 − τρ)y
x
Li(a) since ιiyL,x+a = ιiyL,x+a = ιiy

x
L(a) = y

x
Li(a). It thus

also follows that one can transform expression (48) into the time-dependent formulation

(22) of the paper.

For the calculation of the equilibrium contribution rate τ ∗ρ it is useful to elaborate on

equation (20). In particular, the sizes of the young, old and total populations are given

by:

Ny
t =

∫ R

A

Nt(a) da =

∫ R

A

en(t−a) da = ent
e−nA − e−nR

n
,

N o
t =

∫ D

R

Nt(a) da =

∫ D

R

en(t−a) da = ent
e−nR − e−nD

n
,

Nt = Ny
t +N o

t =

∫ D

A

Nt(a) da =

∫ D

A

en(t−a) da = ent
e−nA − e−nD

n
. (49)

The equilibrium contribution rate τ ∗ρ for the PAYG pension system is defined as the rate

30This is a short-cut. A specification like this is, however, implied, e.g., by the Swedish Notional
Defined Contribution system or by a point system as it is common in a number of countries (Germany,
France, Austria).
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that balances total revenues and total expenditures which can now be written as:

Revt =

∫ R

A

N t−a(a)τρy
t−a
L (a) da = τρyLt

∫ R

A

N t−a(a) da = τρyLtN
y
t ,

Expt =

∫ D

R

N t−a(a)ρ(1− τρ)y
t−a
L (a) da = ρ(1− τρ)yLt

∫ D

R

N t−a(a) da

= ρ(1− τρ)yLtN
o
t ,

using the absence of seniority wages (yt−a
L (a) = yLt) and the definitions of Ny

t and N o
t in

equation (49). For constant cohort sizes Nx = N this reduces to Revt = τρ (R− A)NyLt

and Expt = ρ(1 − τρ)(D − R)NyLt. A constantly balanced PAYG system requires that

Revt = Expt or τρN
y
t = ρ(1 − τρ)N

o
t . This can be solved for τ ∗ρ =

ρNo
t

Ny
t +ρNo

t
as stated in

equation (23).

One can use the definition of augmented income in (22) and the formula for the bal-

ancing contribution rate in (23) to derive the relation between yLt (average per worker

pre-contribution-rate labor income) and yLt (average per capita “augmented” labor in-

come). It comes out as:

yLt = yLt
Ny

t

Nt

.

In order to see this first note that (augmented) per adult income can also be written as:

yLt =
YLt

Nt

=

∫ D

A
Y t−a
L (a) da∫ D

A
N t−a(a) da

=

∫ D

A
yt−a
L (a)N t−a(a) da∫ D

A
N t−a(a) da

. (50)

Put differently, average (per adult) labor income yLt is the cohort-size-weighted average of

the different age-specific average incomes yt−a
L (a). Using the specification in (22) one can

rewrite equation (50) as yLt =
yLt(1−τρ)(

∫R
A Nt−a(a) da+ρ

∫D
R Nt−a(a) da)

Nt
= yLt(1 − τρ)

Ny
t +ρNo

t

Nt
.

Noting that (1− τρ) =
Ny

t

Ny
t +ρNo

t
the result follows.

A.3 The warm-glow model

In this part of the appendix I provide additional derivations for the benchmark warm-glow

(WG) model. The specification and the main results have already been summarized in

sections 3 and 4 of the paper.
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A.3.1 Budget constraint

At the beginning of adulthood at age A agents start with no financial assets, i.e. wx
Fi(A) =

0. From then on they earn a net (augmented) labor income (1−τy)y
x
Li(a) (see (22)) where

τy is a labor income tax rate (in addition to the PAYG contribution rate τρ) and they also

collect the return rx(a) on their accumulated financial wealth wx
Fi(a). It is assumed that

all households invest their financial wealth in a fund that holds all available assets of the

economy and the rate of return rx(a) corresponds to the average return of this portfolio

(see equation (17)). The period budget constraint thus can be written as:

dwx
Fi(a)

da
= rx(a)wx

Fi(a) + (1− τy)y
x
Li(a)− εxi (a) (51)

for all periods a ∈ [A,D[ except the bequest period I in which there is an additional income

stream bxFi. Note that the outright owners also get the family house as an additional

bequest at age A. This, however, is not a disposable property (since it has to be passed

on to the next generation) and is thus not included in the expression above. The available

lifetime resources ỹxi are given by the total of the discounted stream of net labor income

(both during active life and during the pension) ỹxLi and the discounted value of the

bequest received at age I. Assuming a constant interest rate r these magnitudes can be

written as:

ỹxi = ỹxLi + e−r(I−A)bxFi (52)

where:

ỹxLi = (1− τy)

∫ D

A

yxLi(a)e
−r(a−A) da (53)

= (1− τ)yx
Li(A)

(∫ R

A

e−(r−g)(a−A) da+ ρ

∫ D

R

e−(r−g)(a−A) da

)
,

where I define the total tax rate τ as:

(1− τ) ≡ (1− τy)(1− τρ). (54)

Total lifetime expenditures discounted to age A, on the other hand, are given by:

ε̃xi =

∫ D

A

εxi (a)e
−r(a−A) da. (55)
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The linear differential equation (51) can be solved for the terminal asset level wx
Fi(D) as:

wx
Fi(D) =

∫ D

A

((1− τy)y
x
Li(a)− εxi (a)) e

r(D−a) da+ bxFie
r(D−I). (56)

Dividing both sides by er(D−A) leads to:

wx
Fi(D)e−r(D−A) =

∫ D

A

((1− τy)y
x
Li(a)− εxi (a)) e

−r(a−A) da+ bxFie
−r(I−A)

= ỹxLi + bxFie
−r(I−A) − ε̃xi = ỹxi − ε̃xi . (57)

The present value of terminal financial assets equals the present value of lifetime income

plus the present value of the bequest that is received at age I minus the present value

of lifetime expenditures. Note that also for the normal owners it is assumed that they

sell their owner-occupied home over the course of their life (e.g. in the form of a reverse

mortgage) such that they only hold financial wealth at the moment of death.

For later reference I also define a number of coefficients that allow for a more concise

expression of the lifetime values. In particular, one can write equations (52), (53) and (57)

as ỹxi = ỹxLi+φgIb
x
Fi, ỹ

x
Li = (1− τ)yx

Li(A) (φgy + ρφgo) and wx
Fi(D)φgD = ỹxLi+ bxFiφgI − ε̃xi

where:

φgy ≡
∫ R

A

e−(r−g)(a−A) da, φgo ≡
∫ D

R

e−(r−g)(a−A) da, (58)

φgI ≡ e−(r−g)(I−A), φgD ≡ e−(r−g)(D−A).

A.3.2 Household savings

In the paper I focus on the one variant of the model in which households do not reckon

with the receipt of a bequest (or—equivalently—they cannot borrow against it). This is

also the variant that was emphasized as the most plausible one in Piketty (2010). In this

appendix I will, however, first focus on the more straightforward and somewhat simpler

variant where households are able to borrow before turning to the case discussed in the

paper.

Case with borrowing As a first step one can insert the optimal intratemporal values

for cxi (a) and hx
i (a) into (24) and derive the indirect utility function given by ux

i (a) =
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εxi (a)(
Px
s (a)

ηj

)γ . This can be inserted into (25) to derive lifetime consumption utility as:

Ux
i (A) =


∫ D

A

e−θ(a−A)∫ D

A
e−θ(x−A) dx

 εxi (a)(
Px
s (a)
ηj

)γ
1−σ

da


1

1−σ

. (59)

Using standard methods of dynamic optimization one can derive that along an optimal

path total expenditures grow at rate gε, i.e. ε
x
i (a) = εxi (A)e

gε(a−A) with gε = g∗ε and g∗ε as

defined in equation (28) and here repeated:

g∗ε =
r − θ

σ
+ γ

σ − 1

σ
g̃. (28)

For the derivation of (28) one can set up the Hamiltonian (for a similar derivation, see

Grossmann, Larin & Steger 2021):

H(a) =

 εxi (a)(
Px
s (a)
ηj

)γ
1−σ

+ λ(a) [rwx
Fi(a) + (1− τy)y

x
Li(a)− εxi (a)] ,

where λ(a) is the adjoint variable associated with the dynamic budget constraint. The

first order conditions are:

∂H(a)

∂εxi (a)
= (1− σ)

 εxi (a)(
Px
s (a)
ηj

)γ
1−σ

(εxi (a))
−1 − λ(a) = 0,

− λ̇(a)

λ(a)
= r − θ.

Taking the logarithm of the first FOC in order to calculate λ̇(a)
λ(a)

leads to:

λ̇(a)

λ(a)
= (−σ)

ε̇xi (a)

εxi (a)
− (1− σ) γ

Ṗ x
s (a)

P x
s (a)

.
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Setting this equal to (−r + θ) gives:

σ
ε̇xi (a)

εxi (a)
+ (1− σ) γ

Ṗ x
s (a)

P x
s (a)

= r − θ −→

ε̇xi (a)

εxi (a)
=

r − θ

σ
+ γ

σ − 1

σ

˙P x
s (a)

P x
s (a)

=
r − θ

σ
+ γ

σ − 1

σ
g̃ = gε.

The expression for gε differs from the usual optimal growth rate in dynamic consumption

models due to the fact that houses are in fixed supply and the equilibrium growth of house

prices g̃ might influence optimal expenditure growth. For γ = 0 or σ = 1 one gets the

standard formula gε =
r−θ
σ
. A crucial special case corresponds to a situation where total

expenditures grow at the same rate as incomes, i.e. gε = g. For the latter case which

is often used in the paper one has to assume that θ and σ adjust such that the equality

holds.

Lifetime expenditures are now given by

ε̃xi =

∫ D

A

εxi (a)e
−r(a−A) da =

∫ D

A

εxi (A)e
−(r−gε)(a−A) da.

This can be used to express the initial expenditure level in terms of lifetime expenditures

as:

εxi (A) =
ε̃xi∫ D

A
e−(r−gε)(a−A) da

=
ε̃xi
φgε

(60)

where:

φgε ≡
∫ D

A

e−(r−gε)(a−A) da. (61)

Using εxi (a) = εxi (A)e
gε(a−A) it thus follows:

εxi (a) =
ε̃xi
φgε

egε(a−A). (62)
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The latter expression can be inserted into the utility function (59) to give:

Ux
i (A) =


∫ D

A

e−θ(a−A)∫ D

A
e−θ(x−A) dx

 ε̃xi e
gε(a−A)

φgε(
Px
s (a)
ηj

)γ
1−σ

da


1

1−σ

= ε̃xi


∫ D

A

e−θ(a−A)∫ D

A
e−θ(x−A) dx

 egε(a−A)

φgε(
Px
s (a)
ηj

)γ
1−σ

da


1

1−σ

. (63)

In order to solve for the intergenerational equilibrium one can use Ux
i (A) in the overall

utility function V x
i (see (26)) and maximize this with respect to ε̃xi and wx

Fi(D) and subject

to the budget constraint (57). This leads to:

ε̃xi = (1− sjB)ỹ
x
i , (64)

wx
Fi(D) = sjBe

r(D−A)ỹxi . (65)

One can insert ỹxi = ỹxLi + e−r(I−A)bxFi (from (52)) into equation (64) and then insert both

into (62) to derive that:

εxi (a) =
ε̃xi
φgε

egε(a−A) =
1− sjB
φgε

egε(a−A)ỹxi (66)

=
1− sjB
φgε

egε(a−A)
(
ỹxLi + e−r(I−A)bxFi

)
= εjLi(a) + εjBi(a),

where εxLi(a) ≡
1−sjB
φgε

egε(a−A)ỹxLi represents the part of total expenditures that are due to

labor income while εxBi(a) ≡
1−sjB
φgε

egε(a−A)e−r(I−A)bxFi stands for the part that is due to the

bequest.

One can define a (possibly age-specific) savings rate sjL(a) from net labor income as

εxLi(a) = (1− sjL(a))(1− τy)y
x
Li(a). Looking at above one sees that:

(1− sjL(a)) =
1− sjB
φgε

(φgy + ρφgo)e
(gε−g)(a−A) for a ∈ [A,R[

(1− sjL(a)) =
1− sjB
ρφgε

(φgy + ρφgo)e
(gε−g)(a−A) for a ∈ [R,D] (67)

where I use ỹxLi = (1− τ)yx
Li(A) (φgy + ρφgo) = (1− τy)y

x
Li(A) (φgy + ρφgo). Note that for
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gε = g the savings rate is constant (at sjL(a) = sjLy =
1−sjB
φgε

(φgy + ρφgo) for a ∈ [A,R[ and

sjL(a) = sjLo =
sjLy

ρ
for a ∈ [R,D] where only for ρ = 1 it holds that sjLy = sjLo). For a

general gε I define sjL ≡ sjL(A) = sjLy and this is the expression to which equation (27) in

the text refers:

(1− sjL) ≡ 1− sjB
φgε

ỹxLi
(1− τ)yx

Li(A)
=

1− sjB
φgε

(φgy + ρφgo)

= (1− sjB)
r − gε
r − g

e(r−g)(D−R)
(
e(r−g)(R−A) − 1

)
+ ρ

(
e(r−g)(D−R) − 1

)
e(r−g)(D−A) − e(gε−g)(D−A)

, (68)

where I use the definitions for ỹxLi (equation (53)) in the first line and the ones for φgε ,

φgy and φgo from above in the second line. Note that for ρ = 1 one gets that:

(1− sjL) = (1− sjB)
r − gε
r − g

e(r−g)(D−A) − 1

e(r−g)(D−A) + e(gε−g)(D−A)

= (1− sjB)
r − gε
r − g

1− e−(r−g)(DA)

1− e−(r−gε)(DA)
, (69)

which is the same expression as in Piketty (2010, p.133).

The equilibrium value for the bequest can be calculated from equation (65) and the

equilibrium condition wx
Fi(D) = b

x+(D−I)
Fi en(D−I) from equation (29) (this will be shown

in more detail for the non-borrowing case below). This leads to:

bxFi = sjB
e(r−g)(D−A)eg(I−A)

en(D−I) − sjBe
(r−g)(D−I)

ỹxLi (70)

which is the same value as (30) (which was derived for the case without borrowing). Note

that the equilibrium condition (29) implicitly assumes that there is perfect heritability of

the productivity type.31

Expression (70) can be compared to equation (E.13) on p.134 in Piketty (2010).

Case without borrowing I now assume, as in parts (ii) and (iii) of section E5 in

Piketty (2010), that households cannot borrow against their future inheritance. In par-

ticular, it is assumed that until age I they behave as if they were not going to receive any

inheritance. At age I they then become aware of the bequest and they adapt their plans

accordingly. Put differently, they maximize their lifetime utility function V x
i (U

x
i , w

x
i (D))

31And also identical numbers of offsprings for each type i. One could also assume the existence of a
proportional inheritance tax τb which would not change the main results.

52



twice: once at age A (assuming no inheritance) and a second time at age I (now including

the just received inheritance). At age A optimal consumption smoothing again implies

the same optimal path as in the case with borrowing. In particular,:

εxi (a) = εxi (A)e
gε(a−A)

with gε =
r−θ
σ

+ γ σ−1
σ
g̃.

Different to before, however, households now behave at age A as if the present value

of their lifetime resources would only consist of labor income: ỹxi (A) = ỹxLi(A).
32

The intergenerational maximization at age A now leads to the following expressions:

ε̃xLi(A) = (1− sjB)ỹ
x
Li(A), (71)

wx
Li(D) = sjBe

r(D−A)ỹxLi(A). (72)

It thus follows that for a ∈ [A, I[ one has that

εxi (a) = εxLi(a) = (1− sjL)(1− τ)yx
Li(A)e

gε(a−A) = (1− sjL)(1− τ)yx
Li(a)e

(gε−g)(a−A).

as shown in equation (27). For this period until age I it holds that εxBi(a) = 0.

This changes at age I when they receive a bequest and they reoptimize. As stated

in the paper, I follow here Piketty and assume that households leave the part of their

expenditures that are financed from labor income completely unchanged and that they

only add an extra element financed from the newly received bequest. This means that

εxLi(a) is the same over the entire period a ∈ [A,D] and given by εxLi(a) = (1 − sjL)(1 −
τ)yx

Li(A)e
gε(a−A) as specified in equation (27). For the expenditures from the bequest it

holds that: εxBi(a) = εxBi(I)e
gε(a−I) where εxBi(I) =

ε̃xBi∫D
I e−(r−gε)(a−I) da

(which follows from

ε̃xBi =
∫ D

I
εxBi(a)e

−r(a−I) da =
∫ D

I
εxBi(I)e

−(r−gε)(a−I) da).33

The optimal split of the received bequest in own expenditures and planned bequest

comes out as:

ε̃xBi = (1− sjB)b
x
Fi, (73)

32Note that I now add an age term in brackets to the present value variables (denoted by a tilde) in
order to indicate at which age these present values are assessed. It holds, e.g., that ỹxi (A) ̸= ỹxi (I).

33As an alternative one could also assume that households re-maximize, thereby taking the new

budget constraint at age I into account with ỹxi (I) = ỹxLi(I) + bxFi + wx
Fi(I) where ỹxLi(I) =

∫D

I
(1 −

τy)y
x
Li(a)e

−r(a−A) da and wx
Fi(I) is the accumulated wealth at age I. For the sake of simplicity and

continuity with the assumptions of Piketty (2010) I stick to the described model.
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wx
Bi(D) =

sjB
e−r(D−I)

bxFi. (74)

The overall solution for εxBi(a) for the model without borrowing is then given by εxBi(a) =
1−sjB∫D

I e−(r−gε)(a−I) da
bxFie

gε(a−I) = (1− s̆jB)b
x
Fie

gε(a−I) where I define:

1− s̆jB ≡ 1− sjB∫ D

I
e−(r−gε)(a−I) da

. (75)

Overall the solution for εxi (a) has been stated as (27) using these definitions of 1− sjL and

1− s̆jB from (68) and (75).

Alternatively, however, one could also insert for the equilibrium value of bxFi (from

(30)) to write expression (27) in a slightly different form:

εxi (a) =

(1− τ)yx
Li(A)(1− sjL)e

gε(a−A) for a ∈ [A, I[

(1− τ)yx
Li(A)

[
(1− sjL)e

gε(a−A) + (1− s̃jB)e
gε(a−I)

]
for a ∈ [I,D]

(76)

where now:

(1− s̃jB) ≡ 1− sjB∫ D

I
e−(r−gε)(a−I) da

bxFi

(1− τ)yx
Li(A)

=
sjB(1− sjB)∫ D

I
e−(r−gε)(a−I) da

e(r−g)(D−A)eg(I−A)

en(D−I) − sjBe
(r−g)(D−I)

ỹxLi
(1− τ)yx

Li(A)

= (1− sjB)s
j
B

r − gε
r − g

e(r−g)(D−R)
(
e(r−g)(R−A) − 1

)
+ ρ

(
e(r−g)(D−R) − 1

)
(1− e−(r−gε)(D−I))(en(D−I) − sjBe

(r−g)(D−I))

= (1− sjL)s
j
B

e(r−g)(D−A) − e(gε−g)(D−A)

(1− e−(r−gε)(D−I))(en(D−I) − sjBe
(r−g)(D−I))

, (77)

using (53) and (30) in lines 3 and 2, respectively.

The equilibrium value of bequest bxFi (see equation (30)) can thereby be derived from

the wealth at age D. As sketched in the paper, the wealth at age D comes out from the

optimal intergenerational choice as:

wx
Fi(D) = wx

Li(D) + wx
Bi(D) = sjBe

r(D−A)ỹxLi +
sjB

e−r(D−I)
bxFi.

The equilibrium condition on the other hand (involving the fact that one’s generation ter-

minal wealth is the next generation’s level of bequest) is given by wx
Fi(D) = b

x+(D−I)
Fi en(D−I)

54



from equation (29). Setting these two expressions equals to each other and noting that

in equilibrium b
x+(D−I)
Fi = bxFie

g(D−I) leads to:

sjBe
r(D−A)ỹxLi +

sjB
e−r(D−I)

bxFi = b
x+(D−I)
i en(D−I) = bxFie

(g+n)(D−I) →

bxFi

(
e(g+n)(D−I) − sjB

e−r(D−I)

)
= sjBe

r(D−A)ỹxLi.

Assuming that en(D−I) − sjBe
(r−g)(D−I) > 0 one can derive from this expression that bxFi =

sjB
e(r−g)(D−A)eg(I−A)

en(D−I)−sjBe(r−g)(D−I)
ỹxLi as stated in equation (30).

A.4 Household wealth

In the next step one can derive the age-specific levels of financial wx
Fi(a). It is again

useful to write wx
Fi(a) = wx

Li(a) + wx
Bi(a), where wx

Li(a) refers to the part of wealth that

originates in the accumulation of labor income while wx
Bi(a) refers to a second part that

is due to the financial bequest. In order to prevent notational clutter I focus again on the

steady state with rt = r. The labor-income related part of wealth is given by:

wx
Li(a) =


∫ a

A
[yx

Li(s)(1− τ)− εxLi(s)] e
r(a−s) ds for a ∈ [A,R[∫ R

A
[yx

Li(s)(1− τ)− εxLi(s)] e
r(a−s) ds for a ∈ [R,D]

+
∫ a

R
[ρyx

Li(s)(1− τ)− εxLi(s)] e
r(a−s) ds,

(78)

where εxLi(s) = (1− sjL)(1− τ)yx
Li(A)e

gε(s−A) (see equation (76)).

The bequest-related part of wealth, on the other hand, is given by:

wx
Bi(a) =

0 for a ∈ [A, I[

bxFie
r(a−I) −

∫ a

I
εxBi(s)e

r(a−s) ds for a ∈ [I,D]
(79)

where εxBi(s) = (1− τ)yx
Li(A)(1− s̃jB)e

gε(s−I) =
1−sjB∫D

I e−(r−gε)(a−I) da
bxFie

gε(s−I) (see again equa-

tion (76)). The direct owners always have an additional component of wealth given by

wx
Hi(a) = P x

h (a)h
x
i (a) which is not on the market but is nevertheless used to assess their

net worth.

It holds that yx
Li(s) = y

x
Li(A)e

g(s−A) and εxLi(s) = εxLi(A)e
gε(s−A). Inserting this into
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(78) one arrives at:

wx
Li(a) =



y
x
Li(A)(1− τ)eg(a−A)

∫ a

A
e(r−g)(a−s) ds for a ∈ [A,R[

−εxLi(A)e
gε(a−A)

∫ a

A
e(r−gε)(a−s) ds

y
x
Li(A)(1− τ)eg(a−A)

(∫ R

A
e(r−g)(a−s) ds+ ρ

∫ a

R
e(r−g)(a−s) ds

)
for a ∈ [R,D]

−εxLi(A)e
gε(a−A)

∫ a

A
e(r−gε)(a−s) ds.

In order to simplify the further derivation, the model can be written in terms of

deviations from a stable growth path. In particular, stationary variables are defined by

dividing each variable by the labor income of labor market entrants. This means that

for all variables zxi (a) except the house prices I define ẑi(a) ≡ zxi (a)

yL,x+a(A)
=

zxi (a)

yLx(A)eg(a−A) or,

equivalently, ẑi(a) ≡ zti(a)
yLt(A)

. Note again that also all stationary variables are potentially

group-specific, i.e. they could be written in extended form as ẑji (a). As discussed in section

2.2, house prices grow at rate g̃ = g+ n(1− χ) along the balanced growth path. In order

to rewrite equations (78) one can use yx
Li(s) = y

x
Li(A)e

g(s−A) = y
x
Li(A)e

−g(a−s)eg(a−A),

wx
Li(a) = ŵLi(a)y

x
L(A)e

g(a−A) and yx
Li(A) = y

x
L(A)ŷLi(A) to write:

ŵLi(a)y
x
L(A)e

g(a−A) =



y
x
L(A)e

g(a−A)
ŷLi(A)(1− τ)

∫ a

A
e(r−g)(a−s) ds for a ∈ [A,R[

−yx
L(A)e

g(a−A)ε̂Li(A)e
(gε−g)(a−A)

∫ a

A
e(r−gε)(a−s) ds

y
x
L(A)e

g(a−A)
ŷLi(A)(1− τ) for a ∈ [R,D](∫ R

A
e(r−g)(a−s) ds+ ρ

∫ a

R
e(r−g)(a−s) ds

)
−yx

L(A)e
g(a−A)ε̂Li(A)e

(gε−g)(a−A)
∫ a

A
e(r−gε)(a−s) ds.

Dividing both sides by yx
L(A)e

g(a−A) this leads to.

ŵLi(a) =



ŷLi(A)(1− τ)
∫ a

A
e(r−g)(a−s) ds for a ∈ [A,R[

−ε̂Li(A)e
(gε−g)(a−A)

∫ a

A
e(r−gε)(a−s) ds

ŷLi(A)(1− τ)
( ∫ R

A
e(r−g)(a−s) ds+ ρ

∫ a

R
e(r−g)(a−s) ds

)
for a ∈ [R,D]

−ε̂Li(A)e
(gε−g)(a−A)

∫ a

A
e(r−gε)(a−s) ds.

(80)
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One can insert here for ε̂Li(A) = (1− sjL)(1− τ)ŷLi(A) to arrive at:

ŵLi(a) =



ŷLi(A)
[
(1− τ)

∫ a

A
e(r−g)(a−s) ds for a ∈ [A,R[

− (1− sjL)(1− τ)e(gε−g)(a−A)
∫ a

A
e(r−gε)(a−s) ds

]
ŷLi(A)

[
(1− τ)

∫ R

A
e(r−g)(a−s) ds+ (1− τ)ρ

∫ a

R
e(r−g)(a−s) ds for a ∈ [R,D]

− (1− sjL)(1− τ)e(gε−g)(a−A)
∫ a

A
e(r−gε)(a−s) ds

]
.

(81)

One can make similar transformations for wx
Bi(a) in equation (79). In particular, it

holds also for bequest-related expenditures that they grow at the optimal rate gε, i.e.

εxBi(s) = εxBi(I)e
gε(s−I). This leads to:

wx
Bi(a) =

0 for a ∈ [A, I[

bxFie
r(a−I) − εxBi(I)e

gε(a−I)
∫ a

I
e(r−gε)(a−s) ds for a ∈ [I,D].

Noting again that wx
Bi(a) = ŵBi(a)y

x
L(A)e

g(a−A), εxBi(a) = ε̂Bi(a)y
x
L(I)e

g(a−I) (or εxBi(I) =

y
x
L(I)ε̂Bi(I)) and bxFi = b̂Fiy

x
L(I) one can also write:

ŵBi(a)y
x
L(A)e

g(a−A) =


0 for a ∈ [A, I[

y
x
L(A)e

g(a−A)e(r−g)(a−I)b̂Fi for a ∈ [I,D]

−yx
L(A)e

g(a−A)e(gε−g)(a−I)ε̂Bi(I)
∫ a

I
e(r−gε)(a−s) ds.

Dividing both sides by yx
L(A)e

g(a−A) this leads to.

ŵBi(a) =

0 for a ∈ [A, I[

e(r−g)(a−I)b̂Fi − e(gε−g)(a−I)ε̂Bi(I)
∫ a

I
e(r−gε)(a−s) ds. for a ∈ [I,D]

Inserting ε̂Bi(I) =
1−sjB∫D

I e−(r−gε)(a−I) da
b̂Fi = (1− s̆B )̂bFi into this expression finally leads to:

ŵBi(a) =

0 for a ∈ [A, I[

b̂i
(
e(r−g)(a−I) − (1− s̆B)e

(gε−g)(a−I)
∫ a

I
e(r−gε)(a−s) ds

)
. for a ∈ [I,D]

(82)

In a final step one can derive the average values where I reintroduce the group-specific

superscript j: ŵj(a) =
∫
i∈j ŵi(a) di, ŵ

j
L(a) =

∫
i∈j ŵLi(a) di, ŵ

j
B(a) =

∫
i∈j ŵBi(a) di, b̂

j
F =∫

i∈j b̂Fi di. Note that ŵj
F (a) = ŵj

L(a) + ŵj
B(a). For income it holds that

∫
i∈j ŷLi(A) di =
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∫
i∈j

y
x
Li(A)

y
x
L(A)

di =
∫
i∈j

djyy
x
L(A)

y
x
L(A)

di = djy.

A.5 Aggregate wealth

It holds that wj
F t(a) = ŵj

F (a)yLt. This implies that for group j aggregate households’

financial savings are given by:

W j,s
F t =

∫ D

A

wj
F t(a)N

j
t (a) da =

∫ D

A

κj
Ne

n(t−a)ŵj
F (a)yLt da = κj

NyLt

∫ D

A

en(t−a)ŵj
F (a) da.

The values for ŵj
F (a) differ between households because they depend on sjB, s

j
L and also on

djy (see
∫
i∈j ŷLi(A) di = djy from the previous section). The aggregate supply of financial

wealth is then given by W s
F t =

∑
j W

j,s
F t . Expressed as a ratio of aggregate normal output

YNt this can be written as β̃j,N
Ft ≡ W j,s

Ft

YNt
= (1 − α)

W j,s
Ft

YLt
. I distinguish wealth again by its

source and write W j,s
Lt = κj

NyLt

∫ D

A
en(t−a)ŵj

L(a) da and W j,s
Bt = κj

NyLt

∫ D

A
en(t−a)ŵj

B(a) da

and the corresponding wealth-to-income ratios β̃j,N
Lt =

W j,s
Lt

YNt
and β̃j,N

Bt =
W j,s

Bt

YNt
. Note that

β̃j,N
Ft = β̃j,N

Lt + β̃j,N
Bt or—using steady state assumptions—β̃j,N

F = β̃j,N
L + β̃j,N

B .

One can now use the formulas for (average) household wealth (81) and (82) to derive

closed-form solutions for β̃j,N
L and β̃j,N

B . After some tedious calculations and transforma-

tions they come out as:

β̃j,N
L = κj

Nd
j
y(1− α)(1− τ)

e−nLo

enLy − 1

{
n
(
e(r−g)(Ly+Lo) − (1− ρ)e(r−g)Lo

)
(r − (g + n))(r − g)

−
(
en(Ly+Lo) − (1− ρ)enLo

)
r − (g + n)

+
ρ

r − g
− (1− sjL)n× (83)(

e(r−g)(Ly+Lo)

(r − (g + n))(r − gε)
+

e(gε−g)(Ly+Lo)

(r − gε)(n+ g − gε)
− en(Ly+Lo)

(r − (g + n))(n+ g − gε)

)}
,

β̃j,N
B = κj

N(1− α)̂bjF
ne−nLo

enLy − 1

{
e(r−g)Lb − enLb

(r − (g + n)
− (1− sjB)(r − gε)

1− e−(r−gε)Lb
× (84)(

e(r−g)Lb

(r − (g + n))(r − gε)
+

e(gε−g)Lb

(n+ g − gε)(r − gε)
− enLb

(r − (g + n))(n+ g − gε)

)}
,

where three time intervals are defined as:

Ly = R− A,Lb = D − I, Lo = D −R (85)
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and where b̂jF can be derived from equation (30) as:

b̂jF = sjB
e(r−g)(D−A)

en(D−I) − sjBe
(r−g)(D−I)

̂̃yjL(A) (86)

with ̂̃yjL(A) = (1− τ)(φgy + ρφgo)d
j
y.

One can look at various simplified versions of (83) and (84). For the case where ρ = 1,

τy = 0 and g = gε one gets, e.g., that (after inserting for (1− τρ) and (1− sjL)):

β̃j,N
L = κj

Nd
j
y(1− α)

1

en(Ly+Lo) − 1
sjB

n
(
e(r−g)(Ly+Lo) − 1

)
− (r − g)

(
en(Ly+Lo) − 1

)
(r − (g + n))(r − g)

.

This means that for ρ = 1 and g = gε and also sjB = 0 there is no savings motive left

and one gets β̃j,N
L = β̃j,N

B = β̃j,N
F = 0. Note that this is not true if ρ = 1 and sjB = 0 but

g ̸= gε (where it would only hold for n = 0).

For sjB = 0, ρ = 0, τy = 0 and r = g = gε = 0, on the other hand, one gets:

β̃N
F =

e−nLo
(
enLoLo

(
enLy − 1

)
− Ly

(
enLo − 1

))
(enLy − 1) (Ly + Lo)n

.

For limn→0 one gets that in this case
∂β̃N

F

∂n
= −Lo(2Lo+Ly)

12
< 0. So faster population growth

leads to lower wealth. This was called by Modigliani the “Neisser effect”.

For sjB = 0, ρ = 0, τy = 0 and r = g = gε = n = 0 it holds that β̃N
F = (1 − α)D−R

2

which of course is the famous triangular formula (which is mostly derived for the case

where α = 0 or where—equivalently—wealth is expressed as a ratio to labor income when

the ratio is simply D−R
2

).

A.6 Additional aggregate magnitudes

A.6.1 Aggregate savings

For the model of section 4 expenditures were given by equation (27) which is here restated

in terms of the average age-specific expenditure levels in period t:

εjt(a) =

(1− sjL)(1− τ)yj
Lte

gε(a−A) for a ∈ [A, I[

(1− τ)yj
Lt(1− sjL)e

gε(a−A) + (1− s̆jB)b
j
F tie

gε(a−I)) for a ∈ [I,D].
(87)
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Using (87) in E j
t =

∫ D

A
εjt(a)N

j
t (a) da one can derive (after some transformations) that:

E j
t = κj

Nd
j
yYNt(1− α)(1− τ)

e−nLon

enLy − 1
×

(1− sjL)
(
en(Ly+Lo) − e(gε−g)(Ly+Lo)

)
+ (1− s̃jB)

(
enLb − e(gε−g)Lb

)
n+ g − gε

,

which has already been stated as equation (34) in the paper. The terms (1 − sjL) and

(1− s̃jB) are defined in appendix A.3 as equations (68) and (77).

Savings rates are often defined in relation to different income concepts. In general

one can say that for some arbitrary income concept Zt the associated savings rate is

defined as sz = Zt−Et
Zt

= 1 − Et
Zt
. Noting that from (35) one can write Et

GDPt
= 1 − s one

can thus calculate these adjusted savings rate directly as sz = 1 − (1 − s)GDPt

Zt
(which

only requires a knowledge of the gross savings rate s and the relative income magnitude
GDPt

Zt
). In the paper I have shown this for the net-savings rate in equation (36), i.e.

snet = 1− (1− s) GDPt

NDPt
. The formula implies that the ratio of the “expenditure rates” is

inversely proportional to the ratio of the income concepts, i.e. 1−s
1−snet =

NDPt

GDPt
.

The “national-account gross savings rate”, on the other hand, was reported in equation

(37) as: sNA = 1− GDPt

GDPNA
t

(1− s). It should be noted that in this specification of GDPNA
t

and the associated savings rate it is assumed that no capital gains from housing assets are

redistributed as asset income (since then they would show up as disposable income of the

households). This might not be true for all housing assets where especially commercial

real estate firms might also redistribute capital gains as dividends. On the other hand, also

some gains from the ownership of physical capital are sometimes not directly redistributed

to the investors but used to buy back shares or held as corporate savings (Chen et al. 2017).

This is a complicated issue and I will stick in this paper to definition (37).
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A.6.2 Equilibrium house prices

As stated in section 4.2.3 the equilibrium rents come out as P r
st =

γ

H
r
t
Er
t and P o

st =
γ

H
om
t
Eom
t .

One can insert for E j
t from (34) and thus write that:

P r
st = κr

Nd
r
y

YNt

H
r

t

γ(1− α)(1− τρ)
e−nLon

enLy − 1
×

(1− srL)
(
en(Ly+Lo) − e(gε−g)(Ly+Lo)

)
+ (1− s̃rB)

(
enLb − e(gε−g)Lb

)
n+ g − gε

, (88)

P o
st = κom

N domy
YNt

H
om

t

γ(1− α)(1− τρ)
e−nLon

enLy − 1
×

(1− somL )
(
en(Ly+Lo) − e(gε−g)(Ly+Lo)

)
+ (1− s̃omB )

(
enLb − e(gε−g)Lb

)
n+ g − gε

. (89)

Note that a smaller housing supply does not have an effect on the fractions
P r
stH

r
t

YNt
and

P o
stH

om
t

YNt
since the smaller supply will only increases prices without having an impact on

the share.

Due to the assumption that renters and owners with mortgage have the same income

and the same bequest motive, i.e. dry = domy = dy and srB = somB = sB equation (38) with
P r
st

P o
st
=

κr
N

κom
N

κom
H

κr
H

follows.

A.6.3 Aggregate bequest

The inheritance flow (from financial bequests) byFt is defined as:

bNyFt =
BFt

YNt

, (90)

where BFt is the total bequest that is observed in period t given by:

BFt = Nt(D) (κr
Nb

r
F t + κom

N bomFt + κoo
N booF t + κw

Nb
w
Ft)

and where bjF t = b̂jFyLt with b̂jF defined in equation (86). Since YNt = (1 − α)YLt =

(1− α)yLt

∫ R

A
Nt(a) da one can conclude that:

bNyFt =
BFt

YNt

= (1− α)̂bF
Nt(D)∫ R

A
Nt(a) da
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with b̂F =
(
κr
N b̂

r
F + κom

N b̂omF + κoo
N b̂ooF + κw

N b̂
w
F

)
.

Total bequests include, however, not only the financial bequests BFt but also the

bequest of the directly owned houses BHt, i.e. Bt = BFt + BHt. Under the assumption

that the value of the directly owned housing stock is identical for all cohorts, the bequest

of directly owned houses is simply given by the mortality rate times the value of the

directly owned stock, i.e. BHt = mtP
o
htH

od

t = mtβ
N
HodtYNt. where the mortality rate is

constant and given by:

mt =
Nt(D)

Nt

=
en(t−D)

ent e
−nA−e−nD

n

=
n

en(D−A) − 1
≡ m∗. (91)

For constant cohort sizes mt =
1

D−A
. It thus follows that:

bNHyt =
BHt

YNt

= βN
Hodtmt = βN

Hodtm
∗

and:

bNyt = bNFyt + bNHyt = (1− α)̂bF
Nt(D)∫ R

A
Nt(a) da

+ βN
Hodtm

∗.

The literature (Alvaredo et al. 2017) mostly reports the ratio of total bequest to national

income (or to NDP) which is thus given by byt = bNyt
YNt

NDPt
.

B A simple analytical model to explain the empirical

results

In this appendix I present a stylized model that can be helpful to understand the pattern

of the numerical results of the paper and to emphasize the importance of the assumptions

concerning the organization of the housing sector for the equilibrium portfolio distribution.

In particular, I will show that and explain why the existence of outright owners can play

a crucial role to match the increase in the share of housing wealth βH

β
following a decline

in interest rates.

In order to be able to do this in a tractable fashion I will shut down the demand side

of the model (as presented in section 3 of the paper) and make two simplify assumptions.

First, I assume that the equilibrium interest rate is given by r = g+n+ω where ω is some

unspecified factor.34 Second, it is assumed that both the renters and the buying owners

34In fact, this expression can be shown to be the outcome of a Kaldorian model in which normal
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spend a constant share γ of their labor income on housing services, i.e. P r
stH

r

t = γY r
Lt =

γκr
NYLt and P o

stH
om

t = γY o
Lt = γκom

N YLt (assuming identical incomes for both groups).

Finally, I abstract here from the top 1% and focus on three groups of dwellers which

correspond to the three segments of the housing stock: renters, owners with mortgages and

direct owners with population shares κr
N , κ

om
N and κoo

N , respectively (with κr
N+κom

N +κoo
N =

1). The corresponding shares of the housing stock controlled by the three group of dwellers

are denoted by κr
H , κ

om
H and κoo

H , respectively. From equations (14), (15) and (16) and

YLt = (1− α)YNt it follows that the steady state housing-wealth-to-income ratios can be

written as:

βN
Hr =

γ(1− α)κr
N

rh + δh − g̃
, βN

Hom =
γ(1− α)κom

N

rm + δh − g̃
,

where βN
Hom =

P o
htH

om
t

YNt
is the value of the housing stock of the buying owners with

mortgages. The house price formed in the segment of the self-buying owners is used

to value stock of the directly owned houses. At the end of this appendix (in section

B.1) I show that the ratio of the total owner-occupied housing stock comes out as:

βN
Ho = βN

Hom + βN
Hoo =

γ(1−α)κom
N

rm+δh−g̃

(
1 +

κoo
H

κom
H

)
. If it is furthermore assumed that the hous-

ing stocks of rental and self-bought houses adjust such that their service price is equal

(P r
st = P o

st) one can calculate the ratio of housing wealth to capital wealth as:

βH

βK

=
γ(1− α)

α

[
κr
N

rk + δk
rh + δh − g̃

+

(
1− κr

N +
κoo
H − κoo

N

1− κoo
H

)
rk + δk

rm + δh − g̃

]
. (92)

The housing share will thus depend on the relative size of the interest rates rk, rh and rm,

on the population share of renters κr
N and on the “relative housing abundance” (κoo

H − κoo
N )

of direct owners.

In general, it is hard to say how the portfolio ratio βH

βK
reacts to changes in the economic

structure. For the highly stylized case with rk = rh = rm = r = g + n+ ω, κoo
H = κoo

N = 0,

g̃ = g and δk = δh = ω = 0 it holds that βN
K = α

g+n
and βN

H = γ(1−α)
n

. A change in g will

in this case only have an effect on βN
K while a reduction in n will have an effect on both

βN
K and βN

H where the latter effect will be larger effect. In particular it holds that:

∂
(

βH

βK

)
∂t

=
γ(1− α)

α

g

n

(
ġ

g
− ṅ

n

)
.

renters and owners do not save and where only a tiny group of non-working wealth-holders is responsible
for accumulation.
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The effect of the change in the interest rate on the portfolio ratio thus depends on the

source of the change. If the decline in r was primarily caused by a decrease in the growth

rate g then the portfolio ratio will decrease while the opposite is true if a fall in population

growth has been the main factor. For ġ
g
= ṅ

n
there is no change in the portfolio ratio.

For a realistic calibration with δk = 0.1, δh = 0.025 and ω = 0.05 (such that the initial

interest rate is r = 9.5%) one would get a share that is equal to βH

β
= 42% for an initial

situation with g = 3% and n = 1.5%. This is reduced to βH

β
= 41% (after a reduction to

g = 2%), increased to βH

β
= 44% (after a reduction to n = 0.5%) and basically kept equal

at βH

β
= 43% after a reduction in both. The effect of changes in g and n on the share

of housing wealth is thus rather small which is in line with the results of the numerical

model. As shown more extensively in section B.1 below the effect is bigger for changes in

the housing structure. In order to see this, assume a starting situation where the share

of renters is 50%, there are no direct owners (i.e. κr
N = κom

N = 50% and κoo
N = 0%) and

where the spreads are given by ξh = 0% and ξm = 2%. This situation is associated with

a housing wealth share of βH

β
= 45%. A decrease in the share of renters to 30% increases

the share slightly to βH

β
= 46% while an increase in the spread to ξm = 4% causes a bigger

increase to βH

β
= 48%. On the other hand, starting from the same initial situation but

now with κoo
N = 20% one can show that an increase in the share of directly owned houses

from κoo
H = 20% to κoo

H = 40% increases βH

β
from 45% to 53%. If the reduction in the

renters’ share, the increase in the spread and the change in the share of directly owned

houses were to happen at the same time then βH

β
would increase even further to 58%. The

results of the simple model thus reflect the ones of calibrated model in sections 5.2 and

5.4 of the paper.

B.1 Details of the derivation of the simple example

This part of appendix B collects derivations for the simple example. Starting with the

expression βN
Hom =

γ(1−α)κom
N

rm+δh−g̃
one can calculate the total housing wealth of owner-occupiers.

To this end one can use the imputed rent P o
st =

γκom
N YLt

H
om
t

which implies P o
ht =

γκom
N YLt

(rm+δh−g̃)H
om
t
.

It thus follows that:

βN
Ho =

P o
htH

o

t

YNt

=
P o
ht

(
H

om

t +H
oo

t

)
YNt

=
γ(1− α)κom

N

(rm + δh − g̃)H
om

t

(
H

om

t +H
oo

t

)
=

γ(1− α)κom
N

rm + δh − g̃

(
1 +

κoo
H

κom
H

)
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where the last line uses the definition in (3) and where (due to the absence of the top

1% I now have H
od

t = H
oo

t and κod
H = κoo

H ). In order for renters and buying owners to be

indifferent between their choice of dwelling it is required that in the long-run the shares

of the housing stocks κr
H and κom

H adjust such that the rent of the two housing forms is

identical, i.e. such that P r
st = P o

st. Using the equations above this amounts to
κr
N

κr
H
=

κom
N

κom
H
.

In fact, this is the same as equation (38) under the assumption that the utility of renting

and owning is identical (ηo = ηr). For a given population share of outright owners κoo
N

and a given share of outrightly owned houses κoo
H one can derive the equilibrium shares of

rented and self-acquired houses as:

κr
H = κr

N

1− κoo
H

1− κoo
N

, κom
H = κom

N

1− κoo
H

1− κoo
N

(93)

which corresponds to equation (40) for ηo = ηr. If there are no direct owners (κoo
H =

κoo
N = 0) or if the share of directly owned houses also corresponds to their population

share (κoo
H = κoo

N ) then the service price for rented and self-acquired houses is the same if

κr
H = κr

N and κom
H = κom

N . Using (93) one can calculate that:

βN
Ho =

γ(1− α)κom
N

rm + δh − g̃

(
1 +

κoo
H

κom
H

)
=

γ(1− α)κom
N

rm + δh − g̃

(
1 +

κoo
H

κom
N

1− κoo
N

1− κoo
H

)
=

γ(1− α)

rm + δh − g̃

(
κom
N + κoo

H

1− κoo
N

1− κoo
H

)
=

γ(1− α)

rm + δh − g̃

(
1− κr

N +
κoo
H − κoo

N

1− κoo
H

)
where the last line uses κom

N = 1−κr
N−κoo

N . The total housing wealth ratio βN
H = βN

Hr+βN
Ho

can thus be calculated as:

βN
H =

γ(1− α)κr
N

rh + δh − g̃
+

γ(1− α)

rm + δh − g̃

(
1− κr

N +
κoo
H − κoo

N

1− κoo
H

)
and the ratio of housing wealth to physical wealth as equation (92) which is here repeated:

βH

βK

=
γ(1− α)

α

[
κr
N

rk + δk
rh + δh − g̃

+

(
1− κr

N +
κoo
H − κoo

N

1− κoo
H

)
rk + δk

rm + δh − g̃

]
. (92)

As noted above, the housing share depends on a number of parameters and in general it is

not clear how it will react to changes in the economic structure. In order to delve deeper

into this issue it is therefore instructive to start with a very simple example. In particular,

assume that all interest rates are equal and given by rk = rh = rm = r = g + n + ω. In

addition assume that there are no direct owners (κoo
H = κoo

N = 0), that g̃ = g and that
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δk = δh = ω = 0. As reported above, it then holds that:

∂
(

βN
H

βN
K

)
∂t

=
γ(1− α)

α

g

n

(
ġ

g
− ṅ

n

)
.

The effect of the change in the interest rates on the portfolio ratio thus depends on the

source of the change. If the decline in r was primarily caused by a decrease in the growth

rate g then the portfolio ratio will decrease while the opposite is true if a fall in population

growth has been the main factor. For ġ
g
= ṅ

n
there is no change in the portfolio share.

To get a feeling for the quantitative dimensions involved, assume α = 1/3, γ = 0.17,

g = 3% and n = 1.5%. This implies a portfolio ratio of βH

βK
= 102% and a portfolio

share of βH

β
= βH

βK+βH
= 51%. A fall in the productivity growth rate to g = 2% reduces

the share to βH

β
= 44% while a decline of population growth to n = 0.5% leads to an

increase to βH

β
= 70%. The considerable size of these effects is, however, due to the

specific assumptions. If one assumes, e.g., that δk = 0.1, δh = 0.025 and ω = 0.05 (such

that the initial interest rate is r = 9.5%) then one would get an initial share that is

equal to βH

β
= 42% which is reduced to βH

β
= 41% (after a reduction in g), increased to

βH

β
= 44% (after a reduction in n) and basically unchanged after after reductions in both.

This result is a mirror image of the results of the calibrated model for which the observed

changes in the main economic parameters were typically associated with small and often

almost no changes in the share of housing wealth.

It is, however, possible to get more sizable changes in the housing shares if one re-

introduces a more differentiated picture of the housing market as argued in the following.

In order to see this I assume an initial situation where the share of renters is 50%, there

are no direct owners (i.e. κr
N = κom

N = 50% and κoo
N = 0%) and where the spreads are

given by ξh = 0% and ξm = 2%. This situation is associated with a housing wealth share

of βH

β
= 45%.35

Decrease in the share of renters: If the share of renters κr
N decreases from 50%

to 30% this is associated with a slight increase in the housing share from βH

β
= 45%

to βH

β
= 46%. Note that a change in the share of renters and self-buying owners has

only an effect in the share if ξh ̸= ξm (or rh ̸= rm), otherwise equation (92) reduces to
βH

βK
= γ(1−α)

α
rk+δk

rh+δh−g̃
.

35This has to be evaluated numerically due to the fact that I assume r = g + n + ω which is itself a
weighted average of the various interest rates, i.e. r = rkβK+rhβHr+rmβHom

βK+βHr+βHom
.
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Increase in the spread: As a second case one can consider the situation where the

share of renters and self-buyers is again 50% but where the risk discount of the mortgage

interest rate increases from ξm = 2% to ξm = 4%. This change would increases the share

by 2.9 percentage points to βH

β
= 48%.

Existence of direct owners: In order to discuss the impact of direct owners it is best

to start from the situation where rm = rh. In this case one can use equation (92) to

simplify that:

βH

βK

=
γ(1− α)

α

rk + δk
rh + δh − g̃

[
1 +

κoo
H − κoo

N

1− κoo
H

]
=

γ(1− α)

α

rk + δk
rh + δh − g̃

[
1− κoo

N

1− κoo
H

]
.(94)

In the case where the share of the directly owned housing stock is identical to the pop-

ulation share of the direct owners then this has no effect on the equilibrium prices and

equilibrium housing portfolio share. The existence of the directly owned segment has no

effect on the equilibrium allocation since the same number of houses and house owners

is removed from the market. If, however, the direct owners possess houses that are on

average larger than the average houses in the rest of the market (i.e. if κoo
H > κoo

N ) then

this has an effect on prices and the housing share. If, in the extreme case, the direct

owners command over almost the entire housing stock κoo
H → 1 the share βH

βK
goes to in-

finity. The eager buyers drive the price P o
st to astronomic heights, thereby also increasing

the value of non-traded housing stock of the direct owners. As an example assume that

ξh = ξm = 2% where in the absence of direct owners one had that βH

β
= 47%. If the

share of direct owners is increased to κoo
N = 20% then the effect depends on the size of

the associated housing stock. If κoo
H = 20% then there is no effect and still βH

β
= 47%. If,

however, κoo
H = 40% then the housing share is considerably higher at βH

β
= 54%.

The quantitative effect is similar if one returns to the previous example with ξh = 0%,

ξm = 2%. For the case with κoo
N = 20% an increase in the housing share of direct owners

from κoo
H = 20% to κoo

H = 40% now increases the portfolio share from βH

β
= 45% to

βH

β
= 53% (for κr

N = 50%).36

Decrease in the share of renters and increase in the spread and a change in

the share of directly owned houses: Looking at a situation where all three changes

36Note that in the case with ξm ̸= ξh there is now a tiny difference even for κoo
H = κoo

N . This is due
to the fact that now the share κom

N is slightly lower and this changes somewhat the value of rk and thus
also of rh and rm.
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happen at the same time (a reduction from κr
N = 50% to κr

N = 30%, an increase from

ξm = 2% to ξm = 4% and a change from κoo
H = 20% to κoo

H = 40% with κoo
N = 20%) now

leads to an increase to βH

β
= 57.8%.

It can be shown that also the effect of changes in g and n is amplified if there is a

situation with ξm > ξh and κoo
H > κoo

N .

C Calibration

C.1 Main parameters

The steady-state comparison in section 5 is based on data from the Worldbank and from

the OECD. The values for g (real GDP growth) and n (population growth) correspond

to the data for the group of high income countries in the World Development Indicators

database and are the geometric average for the periods 1976-1984 (for the initial situation)

and 2015-2021 (for the current situation). The data for A, R and D are based on the

assumptions used in Summers & Rachel (2019) while the values for ρ follow OECD data.

As far as housing is concerned, one can start with the share of housing-related expendi-

ture as a percentage of total household consumption expenditures in the OECD Affordable

Housing Database (Figure HC 1.1.3) which is reported as 22.8% for the OECD-average.

This number, however, also includes expenditures on electricity, gas, water etc. If one

only considers the numbers for actual and imputed rents the expenditure share comes out

as 16.7% or (if one also adds the expenditures for maintenance and repair of the dwelling)

as 17.5%. These data thus suggest the choice of γ = 0.17.

The depreciation rate of housing structures is often assumed to be 1.5% (Kaplan

et al. 2020, Sommer & Sullivan 2018, Grossmann, Larin, Löfflad & Steger 2021). A

number of papers, however, also include housing-related taxes which are assumed to be

around 1% (Kaplan et al. 2020, Sommer & Sullivan 2018) and I thus use δh = 2.5%.

The depreciation rate for physical capital is in line with the value of 6.8% (an average

from 1970 to 2019) used in McKay & Wieland (2021) for durable assets which includes

in their definition also residential housing. A value around δk = 10% is thus in line with

a share of housing wealth between 40% and 50% (in particular: 6.8% = 0.42 × 2.5% +

0.58× 10%).

The calibration for the inequality of income (dwy = 3) follows from Table C.7 in the

appendix to Garbinti et al. (2020) where the authors report for France a labor income

share of around 3% for the top 1% wealth group in the 1980ies. In the same source the
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total income shares (including capital income) are reported to be around 8% for the top

1% and around 26% for the top 10%. In order to get a cross-country picture one can

look at the data for the US reported in Kuhn et al. (2020, Table E.4) which, however,

only refer to the total income share of the top 10%. Since the number (26.7%) is close to

the one from French I use the corresponding figure for the labor income share for the top

1% for the calibration. For the later period I use a value of dwy = 4.5. In fact, Garbinti

et al. (2020) report that the share of labor income of the top 1% in France seemed to

have declined between 1970 and 2014 and at most stayed constant at 3% since 1990 which

would suggest to leave the parameter value at dwy = 3. On the other hand, however, the

data show group-specific differences in the returns to capital which are absent from my

model. The increase in dwy is also meant to capture this trend. Also the data from Kuhn

et al. (2020) for the US show an increase in the share of total income for the top 10%

by about 50%. I want to note, however, that one could alternatively keep the value at

value at dwy = 3 and simply assume a stronger increase in the bequest motive in order to

capture the increase in the wealth share of the top 1% to 35%. This leads to basically

identical results for r, β and βh/β. The only difference is in the share of inherited wealth.

For the risk discounts I rely on the data in Jordà et al. (2019). First, one has to

note that the existing data on the rate of return on housing investments do not support

the assumption of large discounts ξh. Jordà et al. (2019), e.g., show that the rates of

returns on equity and on housing are very similar over a longer time period. In fact,

taken the lower volatility of house prices into account Jordà et al. (2019) argue that the

risk-adjusted returns of housing are even larger than the ones of equity investment. For

mortgage rates, however, it is more reasonable and in line with the empirical evidence to

assume considerable risk discounts. Im particular, the available evidence suggests that

mortgage interest rates are typically between 2 pp to 3 pp above government bonds rates

which itself are assumed to have a risk discount of around 5 pp. I thus assume in the

initial calibration that ξd = 5% and ξm = 2% and assume for the calibration of the later

period that the mortgage discount rate increases to ξm = 3%.

For the utility gain for owning ηo I follow Iacoviello & Pavan (2013). They use a

similar model and calibrate a utility penalty for renting of 0.838 in order to obtain a

homeownership rate of 64% as in the data for the period 1952–1982 in the US (p.227). I

therefore choose a value of η0 = 1.2 ≈ 1/0.838.
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C.2 Cross-country evidence on wealth and outright owners

The four group model of section 5.2 distinguishes the bottom 99% into three group of

dwellers: renters, owner-occupiers with mortgages and outright owners. In order to cal-

ibrate the model and to compare the implied steady state around 1980 with the steady

state around 2018 it would be best to use data on the composition of dwellers and the

characteristics of their dwellings both over time and across countries. Unfortunately, these

data do not seem to be available and it is therefore necessary to piece together a number

of data source in order to approach this task.

Data from the English Housing Survey, e.g., report that the share of households who

rent increased from 16% in 1981 to around 23% in 2018. At the same time the share of

owners with a mortgage decreased from 47% to 35% while the share of outright owners

increased from 37% to 41%. The data from the SFC+ (Kuhn et al. 2020) show a slightly

different picture for the US where the share of renting households stayed more or less

constant at 36% between 1983 and 2016 while the share of owners with mortgages in-

creased from 37% to 42% and the share of outright owners decreased from 26% to 22%.

OECD data are only available for the time span from 2010 to 2020 and they show only

little movements with the (unweighted) average share of renters staying at 18%-19% and

the average shares of owners with and without a mortgage at 23% and 48%, respectively.

All of these data refer, however, only to the population share of dwellers (to κj
N in my

notation) and not to the relative value of the housing stock that they control (to κj
H in

my notation).

There exists, however, indirect evidence that the housing structure is important for

the wealth-to-income ratios and the share of housing wealth. In particular, in a standard

model the tenure choice would not have an impact on the accumulation or composition of

wealth (since renters and owners would, e.g., adjust their financial wealth such as to meet

an identical target of total wealth). This, however, is not reflected in the available data.

In Figure C1 I plot the share of outright owners vs. the share of housing wealth for a group

of Western and Eastern European countries. The housing wealth variable comes from the

fourth wave of the HFCS and is defined as the sum of the value of the household’s main

residence plus the value of other real estate minus the value of outstanding mortgage debt

divided by the net wealth. Using gross values in both the numerator and the denominator

give very similar values for the housing share. The share of outright owners come from

Table HM1.3.3 in the OECD’s Affordable Housing Database. For both groups of countries

an increase in the share of outright owners by 10 pp increases the share of housing wealth
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(a) Western European (b) Eastern European

Figure C1: The data come from the HFCS (4th wave, 2017) and OECDs (Affordable
Housing Database, 2020 or latest year available).

by about 5 pp (in other words, the slope of the regression line is around 0.5). A similar

picture emerges if one contrasts the share of outright owners with the total wealth-to-

income ratio. Also here one gets a positive correlation although now the relation is less

clear-cut and the regression coefficients are no longer statistically significant.

The correlation between the share of outright owners and the share of housing wealth

in Figure C1 can be used to get an idea about reasonable values for the calibration. In

particular, one can use the formula (92) (or the corresponding expression for βh

β
) for the

simple example in appendix B to investigate which value of
κod
H

κod
N

(where κod
N = κoo

N + κw
N)

gives a relation that is in line with the empirical evidence. In the theoretical model the

relation is non-linear but it appears that values between
κod
H

κod
N

= 1.5 and
κod
H

κod
N

= 1.75 give

reasonable results (i.e. an increase in the share of outright owners by 10 pp increases

the share of housing wealth by around 5 pp). This is the rationale behind the chosen

calibration of 1.65 in section 5.2 of the paper. Repeating this exercise for the entire model

leads to similar results. A thorough investigation of these empirical issues is a topic for

future research.

D Numerical examples

D.1 Alternative specifications

In sections 5.2 to 5.3 I have argued why it is necessary to use the full four group model

(and the assumption of a changing influence of outright owners) in order to explain the

level and path of a number of crucial macroeconomic variables, starting with the share of
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(a) Western European (b) Eastern European

Figure C2: The data come from the HFCS (4th wave, 2017) and OECDs (Affordable
Housing Database, 2020 or latest year available).

housing wealth. In this appendix I investigate whether and in how far other parameter

changes could be invoked in order to get similar results. In Tables D1 and D2 I start with

the same benchmark calibration as in Table 1 but I leave the share of dwellers and their

controlled housing stock constant while studying the impact of alternative parameter

calibrations concerning the non-housing sector, the housing sector and preferences. In

Table D3 I then come back to the role of the composition of dwellers and I deal with

different assumptions concerning the role of outright owners.

Non-housing sector: In Table D1 I investigate whether one could invoke changes in

the structure of the production side or the housing market in order to explain the increase

in the share of housing wealth over the last decades. To this end I shut down the channels

used in section 5.2 to explain this phenomenon (see line 2 in Table 1 here repeated as line

2a), i.e. I use a reference case where the population shares κj
N and the associated shares of

houses κj
H stay constant. By comparing lines 2a and 2b of Table D1 one can see that the

effect on the interest rate is rather similar (r = 5.63% vs. r = 5.69%) while the impact

on the wealth-to-income ratio shows a larger difference (β = 521% vs. β = 599%). The

most significant difference, however, is that in the benchmark scenario (involving changes

in the importance of outright owners) the share of housing wealth increases to βH

β
= 54%

while in the current case it decreases to βH

β
= 44%. In the lower part of Table D1 I focus

on the question whether alternative assumptions about production or the housing market

could be used to explain the increasing share of housing wealth.

The results of lines 3 and 4 in Table D1 might give the impression that a change in

the production structure could contribute to an understanding of the observed facts. In
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Table D1: Alternative specifications 1

Nr. Case r β βH

β
s snet sNA sNA,net bFy by

1 Initial 9.64% 350% 46% 29.9% 15.3% 28.2% 12.9% 5.9% 6.6%
2a Today 5.69% 599% 54% 33.9% 15.1% 31.4% 11.% 7.1% 9.2%
2b Today 5.63% 521% 44% 30.9% 12.% 29.6% 9.8% 7.1% 8.1%

Changes in the non-housing sector
3 α = 0.25 5.14% 501% 55% 27.3% 11.1% 25.4% 8.2% 5.4% 6.7%
4 δk = 10% 5.36% 513% 51% 33.% 11.3% 31.5% 8.6% 6.1% 7.3%

Changes in the housing sector
5 γ = 0.22 5.87% 573% 52% 32.2% 13.4% 30.3% 10.4% 8.1% 9.4%
6 χ = 0.1 5.73% 548% 48% 31.4% 12.5% 29.3% 9.% 7.5% 8.7%
7 δh = 0% 6.06% 623% 58% 29.1% 15.7% 26.3% 11.7% 8.9% 10.7%
8 ξh ↑, ξm ↑ 5.79% 560% 51% 31.% 12.2% 29.2% 9.4% 7.8% 9.%

Note: The table shows various alternative specifications for a four group model that corresponds in
the initial situation to the one of Table 1 with κr

N = 50%, κom
N = 25%, κoo

N = 24%, κw
N = 1% and where

κoo
H = κoo

N , κw
H = κw

N . Different to Table 1 it is, however, assumed that the values for κj
N and κj

H stay
constant between the initial and current situation. The results for the current situation are shown in
line 2b (while the one for the benchmark case from Table 1 are reported in line 2a). The results in
lines 3 to 8 always refer to the current situation where all parameters are assumed to take on the same
values as in line 2b with an additional parameter change as indicated. In line 8 it is assumed that
ξh = 2.5%, ξm = 4.5%.
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particular, a decrease in the weight of physical capital in the production function (from

α = 1/3 to α = 1/4, probably due to a shift in technology) or an increase in the capital

depreciation rate (from δk = 10% to δk = 15%, probably due to faster obsolescence

of capital goods) implies a further reduction in the interest rate by an additional 0.5

percentage points and also a sizeable increase in the share of housing in the wealth portfolio

(from 46% to 55% or 51%). At the same time, however, one has to note that the change

in the wealth-to-income ratio is now more modest and not completely in line with the

observed facts. Furthermore, it is hard to argue that such fundamental changes in the

production structure as suggested by the assumed parameter changes could in fact be

observed for the advanced countries over the last decades.

Housing sector: One could argue that the preference for housing has increased over

the last decades. As shown in line 5 of Table D1 a larger importance of housing (γ = 0.22)

increases the value of the housing stock and thereby the housing portfolio share to 52%.

The existing data on the share of housing expenditures are, however, not in line with

this assumed increase in γ. Furthermore, this assumption leads to a reduction in capital

investments which dampens the reduction in the interest rate. Another interesting case is

the assumption of a decline in the parameter χ, i.e. in the extent with which the housing

supply reacts to population growth. A decline in χ could e.g. be the result of sluggish

housing construction, arguably due to overly strict zoning laws or to NIMBY attitudes.

As shown in line 6 of Table D1, however, the equilibrium for χ = 0.1 is not much affected

by this parameter change.

The expression for the house prices P r
ht =

P r
st

rh+δh−g̃
and P o

ht =
P o
st

rm+δh−g̃
(see (8)) indicates

two more candidates that could lead to a higher equilibrium valuation of houses and thus

to a higher share of housing wealth. First, as shown in line 7 of Table D1, a reduction in

δh (which could, e.g., capture a higher attractiveness of housing via the tax system) leads

to a higher share of housing wealth (58%). At the same time, however, this change also

dampens the reduction in the interest rate. This is due to the fact that the lower value

of δh makes housing a more attractive investment thereby crowding out physical capital.

Equivalently, one could also increase the risk discounts by the same amount (2.5%) as the

reduction in the depreciation rate. Since in the initial situation in line 1 of Table D1 it

is assumed that the risk discount only applies to mortgages (ξm = 2% while xh = 0%) I

assume for line 8 that ξm = 4.5% and xh = 2.5%. This has a qualitatively similar effect

on the main variables as the reduction in δh although now the impact on the interest rate

is larger (5.8% vs. 6.1%) while the one on the share of housing wealth share is weaker
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(51% vs. 58%).

In order to get a larger reaction of the main variables one could of course assume even

larger discounts ξh and ξm which would increase the housing share. For ξh = 5% and

ξm = 7% one gets for example a housing share of 58% (together with a wealth-ratio of

β = 608% and an interest rate of r = 6.0%). The problem with the assumption of such

high risk discounts is, however, that they are not in line with the empirical evidence, in

particular in as far as ξh is concerned. Jordà et al. (2019), e.g., have shown that the rates

of returns on equity and on housing are very similar. In fact, taken the lower volatility of

house prices into account Jordà et al. (2019) have argued that the risk-adjusted returns of

housing are even larger than the ones of equity investment. Later studies based on more

detailed data (Chambers et al. 2021, Eichholtz et al. 2021) have challenged some of these

findings (especially the one about the superiority of risk-adjusted returns of housing), but

even these studies do not seem to support risk discounts on residential housing investments

that are larger than 2-3%.

Table D2: Alternative specifications 2

Nr. Case r β βH

β
s snet sNA sNA,net bFy by

1 Initial 9.64% 350% 46% 29.9% 15.3% 28.2% 12.9% 5.9% 6.6%
2 Today 5.69% 599% 54% 33.9% 15.1% 31.4% 11.% 7.1% 9.2%

θ = 0.02, σ = 2
3 Initial 8.76% 381% 48% 31.5% 16.3% 29.7% 13.6% 3.8% 4.6%
4 Today 5.55% 613% 54% 34.3% 15.3% 31.7% 11.% 6.4% 8.6%

θ = −0.0025, σ = 1.5
5 Initial 6.26% 499% 54% 37.2% 19.9% 34.7% 15.8% 1.4% 2.5%
6 Today 3.84% 826% 62% 39.5% 17.4% 35.9% 10.6% 2.6% 6.%

θ = −0.0025, σ = 1.5, srB = 0.09
7 Initial 4.58% 645% 60% 43.% 23.9% 39.6% 17.8% 6.6% 8.3%
8 Today 2.66% 1100% 69% 44.5% 19.3% 39.7% 8.7% 8.2% 13.6%

gε = g, srB = 0.09
9 Initial 4.96% 603% 58% 41.4% 22.8% 38.3% 17.2% 7.5% 9.1%
10 Today 2.89% 1030% 67% 43.4% 18.9% 38.8% 9.3% 8.9% 13.8%

Note: The table shows various alternative assumptions related to the preference parameters. Rows
1 and 2 contain the benchmark model with gε = g and sB = 0.0089, swB = 0.093 (initial) and
swB = 0.207 (current). The other assumptions are indicated in the table.
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Preferences: For the benchmark calibration I have assumed that the parameters de-

scribing the time preference θ and σ adjust such that gε = g. As noted by Piketty (2010,

p.138) there exist good reasons (e.g. uncertainty about future growth and the existence of

borrowing constraints) why in the real world expenditure growth is often relatively close

to g. In the related literature, however, the parameters θ and σ are mostly set equal to

standard values or chosen such as to meet target values for r or β. Summers & Rachel

(2019), e.g., set θ = 0.02 and σ = 2 while Platzer & Peruffo (2022) choose σ = 1.5 and

θ = −0.0025 (a negative rate of time preference) in order to target a low real interest rate

of r = 0.53%.

In lines 3 and 4 of Table D2 I show the outcome of a standard calibration with θ = 0.02

and σ = 2 again both for the initial and the current situation. The results are similar to

the outcome of the benchmark scenario in Table 1 (here repeated as lines 1 and 2) based

on gε = g with only a somewhat lower interest rate (8.8% vs. 9.6%) and an associated

somewhat higher wealth-to-income ratio. This has to do with the fact that for θ = 0.02

and σ = 2 the expenditure growth rate comes out as gε = 3.7% which is larger than the

income growth rate of g = 3%. In order to implement this steeper expenditure growth

path households will thus undertake some extra saving which lowers r and increases β.

The effect is qualitatively similar but much larger in size for the more extreme case with

θ = −0.0025 and σ = 1.5 as shown in lines 5 and 6. Now the interest rate in the initial

situation is only r = 6.3% and the wealth-to-income ratio is also increased to β = 499%.

This, however, is associated with a very high expenditure growth rate of gε = 4.7% and

high implied savings rates of 37.2% (gross) and 19.9% (net). For the “current situation”

the calibration implies a value of r = 3.84% which implies a high wealth-to-income ratio

of β = 826%.37

The bequest ratio for the assumption θ = −0.0025 and σ = 1.5 with the benchmark

calibration of the strength of the bequest motive is counterfactually low (< 3%). As shown

in lines 7 and 8 of Table D2 the additional assumption of sB = 0.09 leads to a higher

bequest ratio together with a further reduction in the interest rate (to r = 2.66%). The

wealth-to-income ratio and the savings rates for this calibration look, however, excessively

37The reason why my model does not result in the same equilibrium interest rate of r = 0.54% has to
do with various additional differences between the models. Platzer & Peruffo (2022), e.g., assume non-
homothetic utility functions, a different formulation for the bequest motive, a mark-up in the production
process and—above all—they abstract from a housing sector which in my case also works against an
“overaccumulation” of physical capital. As shown in section 5.3 for the assumption of γ = 0 (no housing)
the calibration that targets a level of β = 350% in the initial situation is associated with comparably low
(or even lower) interest rates of r = 3.3% (initial) and r = −1.32% (current) in my set-up.
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large. For the sake of comparisons, lines 9 and 10 document the impact of an increase in

sB for the benchmark case with gε = g which also leads to rather implausible values for

β and s.

Different assumptions about outright owners: As noted in section 5.1 of the paper

and in appendix C, the available data on the share of the housing stock that is in the

possession of the outright owners is scarce. For the benchmark calibration in Table 1 I

used the simple assumption that half of the households are owners, half of the owners are

outright owners and that in the initial situation this also corresponds to their share of the

housing stock while this percentage is increased by 65% when compared to the current

situation. Expressed formally this means: κr
N = 50%, κom

N = 25%, κoo
N = 24%, κw

N = 1%

and κoo
H = 24%, κw

H = 1% (initial), κoo
H = 48%, κw

H = 1.65% (today).

In Table D3 I look at three alternative assumptions about the development of the

housing stock controlled by the outright owners. In the first alternative specification I

assume that this housing stock increases by 100% (i.e. in the current situation κoo
H = 48%,

κw
H = 2%). In the second scenario, I assume that already in the initial situation the

outright owners control a overproportional share of the housing stock (κoo
H = 28.8%,

κw
H = 1.2%) that further increases in the current situation (κoo

H = 42%, κw
H = 1.75%).

In the third scenario, I finally assume that the fraction (κoo
H/κoo

N = κw
H/κ

w
N = 120% stays

constant over time but that the share of outright owners in the population increases from

κoo
H = 24% to κoo

N = 34%. In all cases the bequest motive of the top 1% is adjusted such

that the share of top 1% wealth continues to move from 28% to 35%.

The assumption of a doubling of the housing stock controlled by outright owners (line

4) implies an even larger decrease in the interest rate to 4.8% and an even larger increase

in the wealth-to-income ratio and the share of housing wealth (to 61%). These values

as well as the savings rates seem, however, too large to depict a plausible scenario. The

second alternative scenario, on the other hand, where the outright-owner-controlled share

moves from 30% to 44% (while the move is from 25% to 41% in the baseline scenario)

shows similar results as the benchmark case in line 2. Under the third assumption the

decrease in the interest rate and the increase in the wealth-to-income ratio are larger than

in the benchmark scenario. In this case, however, the share of housing wealth shows only

a smaller increase from 48% to 52%. Altogether these results underline the crucial role

played by the assumption about the outright owners and their housing stock.
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Table D3: Alternative specifications 3

Nr. Case r β βH

β
s snet sNA sNA,net bFy by

Benchmark model (Today: κoo
H = 48%, κw

H = 2%)
1 Initial 9.64% 350% 46% 29.9% 15.3% 28.2% 12.9% 5.9% 6.6%
2 Today 5.69% 599% 54% 33.9% 15.1% 31.4% 11.% 7.1% 9.2%

Today: κoo
H = 48%, κw

H = 2%
3 Initial 9.64% 350% 46% 29.9% 15.3% 28.2% 12.9% 5.9% 6.6%
4 Today 4.81% 741% 61% 38.2% 18.% 34.8% 12.% 7.6% 11.1%

Initial: κoo
H = 28.8%, κw

H = 1.2%; Today: κoo
H = 42%, κw

H = 1.75%
5 Initial 9.97% 350% 48% 30.2% 16.% 28.4% 13.3% 5.8% 6.6%
6 Today 5.94% 592% 54% 33.9% 15.5% 31.4% 11.4% 6.9% 9.1%

κoo
H /κoo

N = κw
H/κw

N = 120%; Initial: κoo
N = 24%, Today: κoo

N = 34%
7 Initial 9.99% 349% 48% 30.2% 15.9% 28.4% 13.3% 5.8% 6.6%
8 Today 5.3% 604% 52% 33.8% 14.4% 31.5% 10.5% 6.8% 9.%

Note: The benchmark specification of the four-groups-model comes from the lower part of Table
2. The first alternative scenario uses an increase by 100% in the housing stock of outright owners,
i.e. κoo

H = 48%, κw
H = 2% and swB = 0.31. For the second scenario I assume an increase from

κoo
H = 28.8%, κw

H = 1.2% to κoo
H = 42%, κw

H = 1.75% together with sB = 0.0076 and swB = 0.084
(initial) and swB = 0.19 (today). In the third scenario κoo

H = 28.8%, κw
H = 1.2% (in both the initial

and current situation) while the share of the outright owners increases from κoo
N = 24% to κoo

N = 34%
and sB = 0.0076 and swB = 0.084 (initial) and swB = 0.24 (today).
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